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On ¢-2-absorbing primary subsemimodules over
commutative semirings

Issaraporn Thongsomnuk, Ronnason Chinram, Pattarawan Singavananda
and Patipat Chumket

Abstract. In this paper, we introduce the concepts of ¢-2-absorbing primary subsemimod-
ules over commutative semirings. Let R be a commutative semiring with identity and M be
an R-semimodule. Let ¢ : S(M) — S(M) U {0} be a function, where S(M) is the set of
subsemimodules of M. A proper subsemimodule N of M is said to be a ¢-2-absorbing primary
subsemimodule of M if rsz € N \ ¢(N) implies 7z € N or sz € N or rs € /(N : M), where
r,s € Rand x € M. We prove some basic properties of these subsemimodules, give a char-
acterization of ¢-2-absorbing primary subsemimodules, and investigate ¢-2-absorbing primary

subsemimodules of quotient semimodules.

1. Introduction

In 2007, the concept of 2-absorbing ideals of rings was introducted by Badawi [1].
He defined a 2-absorbing ideal I of a commutative ring R to be a proper ideal and
if whenever a,b,c € R with abc € I, then ab € I or ac € I or bc € I. Later in
2011 [2], Darani and Soheilnia introduced the concept of 2-absorbing submodules
and studied their properties. A proper submodule N of an R-module M is said
to be a 2-absorbing submodule of M if a,b € R and m € M with abm € N, then
am € N or bm € N or ab € (N : M).

In 2012, Chaudhari introduced the concept of 2-absorbing ideals of a commu-
tative semiring in [3]. He defined a 2-absorbing ideal I of a commutative semiring
R to be a proper ideal and if whenever a,b,c € R with abc € I, then ab € I or
ac € I or bc € 1. In the same year, the concept of 2-absorbing subsemimodules
over commutative semirings was introduced by Thongsomnuk, see [4]. A proper
subsemimodule N of an R-semimodule M is said to be a 2-absorbing subsemi-
module of M if whenever a,b € R and m € M with abm € N, then am € N
or bm € N or ab € (N : M). The concept of 2-absorbing ideals of commutative
semirings and 2-absorbing subsemimodules has been widely recognized by several
mathematicians, see [5] and [6].

Atani and Kohan (2010) introduced and examined the concept of primary ide-
als in a commutative semiring, as well as primary subsemimodules in semimodules
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over a commutative semiring (see [7]). They defined a primary ideal I of a com-
mutative semiring R as a proper ideal, such that whenever a,b € R with ab € I,
then a € I or b* € I for some k € N. Similarly, a primary subsemimodule N of an
R-semimodule M is defined as a proper subsemimodule, such that whenever a € R
and m € M with am € N, then m € N or a* € (N : M) for some k € N. In 2015,
Dubey and Sarohe [9] defined the concept of 2-absorbing primary subsemimodules
of a semimodule M over a commutative semiring R with 1 # 0 which is a gen-
eralization of primary subsemimodules of semimodules. A proper subsemimodule
N of a semimodule M is said to be a 2-absorbing primary subsemimodule of M if
abm € N implies ab € /(N : M) or am € N or bm € N for some a,b € R and
m € M.

Anderson and Batanieh (2008) generalized the concept of prime ideals, weakly
prime ideals, almost prime ideals, n-almost prime ideals and w-prime ideals of rings
to ¢-prime ideals of rings with ¢, see in [8]. They defined a ¢-prime ideal I of a ring
R with ¢ be a proper ideal and if for a,b € R, ab € I\ ¢(I) impliesa € T or b € I.
Later in 2016, Petchkaew, Wasanawichit and Pianskool [10] introduced the concept
of ¢-n-absorbing ideals which are a generalization of n-absorbing ideals. A proper
ideal I of R is called a ¢-n-absorbing ideal if whenever 1, s, ..., 2n+1 € I\@(I) for
X1,To,...Tpp1 € R, then z129 ... 21241 ... pgq € I for some i € {1,2,...,n+
1}. In 2017, Moradi and Ebrahimpour [11] introduced the concept of ¢-2-absorbing
primary and ¢-2-absorbing primary submodules. Let ¢ : S(M) — S(M) U {0} be
a function, where S(M) is the set of R—module M. They said that a proper
submodule N of M is a ¢-2-absorbing primary submodule if rsx € N \ ¢(N)
implies rz € N, or st € N, or rs € /(N : M), where r,s € R and x € M.

In this paper, we extend the concepts of ¢-2-absorbing primary submodules
over commutative rings to the concepts of ¢-2-absorbing primary subsemimodules
over commutative semirings. We explore fundamental properties of these subsemi-
modules, provide a characterization of ¢-2-absorbing primary subsemimodules,
and investigate ¢-2-absorbing primary subsemimodules of quotient semimodules.

2. Preliminaries

Definition 2.1. [12] Let R be a semiring. A left R-semimodule (or a left semi-
module over R) is a commutative monoid (M, +) with additive identity 0p; for
which a function R x M — M, denoted by (r,m) — rm and called the scalar
multiplication, satisfies the following conditions for all elements r and 7’ of R and
all elements m and m’ of M:

(1) (rr")ym =r(r'm),
2) r(m+m') =rm+rm/,

4

(2)
3) (r+r"Yym=rm+r'm,
(4) 1gm = m, and
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(5) 70p = 0pr = Opm.

Throughout this paper, we assume that R is a commutative semirings identity
1 # 0 and a left R-semimodule will be considered as a unitary semimodule.

Definition 2.2. [12| Let M be an R-semimodule and N a subset of M. We say
that N is a subsemimodule of M precisely when N is itself an R-semimodule with
respect to the operations for M.

Definition 2.3. [7] Let M be an R-semimodule, N a subsemimodule of M, and
m € M. Then an associated ideal of N denote by (N : M) ={re R|rM C N}
and (N:m)={reR|rme N}

Definition 2.4. [7] An ideal I of a semiring R is called a subtractive ideal if
a,a+beland be R, thend e I.

A subsemimodule N of an R-semimodule M is called a subtractive subsemi-
module if x,z+y € N and y € M, then y € N.

Proposition 2.5. [7] Let M be an R-semimodule. If N is a subtractive subsemi-
module of M and m € M, then (N : M) and (N : m) are subtractive ideals of
R.

Lemma 2.6. Let (N : M) be a subtractive ideal of R. If a € (N : M) and

a+be\/(N:M), thenbe /(N :M).

Proof. Assume that a € (N : M) and a+b € /(N : M). There exists k € N such
that (a+b)* € (N : M). Then % (¥)a* =i € (N : M). Since S0 (F)a*~ b €
(N : M) and (N : M) is a subtractive ideal, we obtain b* € (N : M). Thus,
be /(N :M). O

Definition 2.7. [11] Let M be an R-semimodule. We define the functions ¢, :
S(M) — S(M)U{0} as follows: ¢o(N) =0, ¢g(N) =0, ¢pms1(N)=(N: M)"N
for every m > 0 and ¢, (N) = -_,(N : M)™N, where N is a subsemimodule of
M and S(M) is the set of subsemimodules of M.

Definition 2.8. [11] Let M be an R-semimodule, S(M) the set of subsemimodules
of M and let fy, fa: S(M) — S(M) U {0} be two functions. Then f; < fo if
FL(N) C fo(N) for all N € S(M).

Definition 2.9. [13] A subsemimodule N of an R-semimodule M is called that a
partitioning subsemimodule (or Q-subsemimodule) if there exists a nonempty subset
Q@ of M such that

1. RQ C Q where RQ = {rq|r € R and ¢ € Q},
2. M =U{q+ N|g € Q} where g+ N = {q¢+n|n € N}, and

3. if q1,92 € Q, then (¢1 + N) N (g2 + N) # 0 if and only if ¢; = go.
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Let M be an R-semimodule and N a Q-subsemimodule of M. Let M/Ng) =
{¢+ N|q € Q}. Then M/Nq) is a semimodule over R under the addition & and
the scalar multiplication ©® defined as follow: for any ¢i1,¢2,¢ € Q and r € R,
(@1 +N)®(¢2+N) =g3+Nand rO(¢+ N) = ga + N where g3,q4 € Q are
the unique elements such that ¢; + ¢ + N C g3+ N and r¢q+ N C g4 + N. The
R-semimodule M /N q) is called the quotient semimodule of M by N.

Lemma 2.10. [14] Let M be an R-semimodule, N a Q-subsemimodule of M and
P a subtractive subsemimodule of M with N C P. Then the followings hold:

1. N is a QN P-subsemimodule of P.
2. P/Ngnp) = {q+ Nlq € QN P} is a subsemimodule of M/N(q).

Remark 2.11. The zero element of P/Ngnp is the same as the zero element of
M /Nqy which is Ops + N.

3. ¢-2-absorbing primary subsemimodules

In this section, we investigate the ¢-2-absorbing primary subsemimodules over
commutative semirings. Initially, we introduce a novel definition for ¢-2-absorbing
primary subsemimodules. Subsequently, we explore various properties of ¢-2-
absorbing primary subsemimodules.

Definition 3.12. Let M be an R-semimodule, ¢ : S(M) — S(M) U {0} a
function, where S(M) is the set of subsemimodules of M. We say that a proper
subsemimodule N of M is a ¢-2-absorbing primary subsemimodule if whenever
rsz € N\ ¢(N) implies re € N,or st € Nyorrs € \/(N: M)={a€ R|a"M C
N for some n € N}, where r;s € R and € M.

Theorem 3.13. Let M be an R-semimodule, N a ¢-2-absorbing primary sub-
semimodule of M and K be a subsemimodule of M such that (N N K) = ¢(N).
Then N N K is a ¢-2-absorbing primary subsemimodule of K.

Proof. Clearly, N N K is a proper subsemimodule of K. Let rsz € (NN K)\
¢(N N K) where r,s € R and v € K. We have rsx € N\ ¢(N N K). Thus,
rsx € N \ ¢(IN) because ¢(N N K) = ¢(N). Since N is a ¢-2-absorbing primary
subsemimodule of M, we obtain rz € N, or sz € N, or rs € \/(N: M). If
re € N or st € N, thenrr € NNK or st € NN K because x € K and K is
an R-semimodule. If rs € /(N : M), then (rs)"M C N for some positive integer
n. In particular, (rs)"K C (rs)®M C N and we know that (rs)"K C K. Then
(rs)"K C NN K for some positive integer n. Thus, rs € /(NN K : K). Hence
N N K is a ¢-2-absorbing primary subsemimodule of K. O

Theorem 3.14. Let M be an R-semimodule, ¢ : S(M) — S(M) U {¢} a func-
tion, and let N be a proper subsemimodule of M. Then the following conditions
are equivalent:
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1. N is a ¢-2-absorbing primary subsemimodule of M.
2. For everyr € R and x € M with rz ¢ N,

(N:rz) C(WV/(N:M):r)U(N:2)U(¢(N):rz)

Proof. First, let a € (N : rx). Then arx € N. If arx € ¢p(N), then a € (¢(N) :
re). If are ¢ ¢(N), then arz € N \ ¢(N). Since N is a ¢-2-absorbing primary
subsemimodule of M and rz ¢ N, we have ax € N or a € (\/(N : M) : r). Hence
(N:rz) C(WV/(N:M):r)U(N:2)U(¢(N):rz).

Conversely, let r,s € R and x € M with rsx € N \ ¢(N) and rx ¢ N. Since
rsx € N and rsz ¢ ¢(N), we obtain s € (N : rx) and s ¢ (¢(N) : rz). From
(N:rz) C(/(N:M):r)U(N:2)U(¢(N) :rx). Thus, s € (/(N: M) :r)or
s € (N : z). Hence, sr € /(N : M) or sz € N. Therefore, N is a ¢-2-absorbing
primary subsemimodule of M. O

Moradi and Ebrahimpour [11] introduced the definition of ¢-triple-zero within
the context of submodules. In this work, we will extend and adapt this definition
to apply specifically to subsemimodules.

Definition 3.15. Let M be an R-semimodule, and ¢ : S(M) — S(M) U {0} a
function. Assume that N is a ¢-2-absorbing primary subsemimodule of M, r, s € R
and x € M. We say that (r,s,x) is a ¢-triple-zero of N if rsx € ¢(N),rx,sx ¢ N

and rs ¢ /(N : M).

Theorem 3.16. Let M be an R-semimodule, ¢ : S(M) — S(M)U{0} a function,
and let N be a subtractive subsemimodule of M such that $(N) C N. Assume that
N is a ¢-2-absorbing primary subsemimodule of M and (r,s,x) is a ¢-triple-zero
of N. Then the following statements hold:

1. 7(N : M)z C ¢(N) and s(N : M)z C ¢(N).
2. (N : M)z C ¢(N).

3. rsN C ¢(N).

4. 7(N : M)N C ¢(N) and s(N : M)N C ¢(N).

Proof. (1) Suppose that there exists t € (N : M) such that rtz ¢ ¢(N). Since
(r,s,x) is a ¢-triple-zero of N, we have rsx € ¢(N). So, r(s + t)x = rsz + rtx ¢
¢(N). Since ¢(N) C N, we obtain r(s+t)z € N\¢(NV). Since N is a ¢-2-absorbing
primary subsemimodule of M and rz,sx ¢ N, we have r(t +s) € /(N : M). By
Lemma 2.6 and rt € (N : M), we have rs € /(N : M), which is a contradiction
with ¢-triple-zero of N. Therefore, r(N : M)x C ¢(N). Similarly, s(N : M)z C
H(N).

(2) Suppose that there exists ¢,k € (N : M) such that tkz ¢ ¢(N). Since
(r,s,x) is a ¢-triple-zero of N, we have rsz € ¢(N). By part (1), we have stx, rkx €



6 I. Thongsomnuk, R. Chinram, P. Singavananda and P. Chumket

@(N). Thus, (t +7)(k+ s)z ¢ ¢(N). Then (t + r)(k + s)x € N\¢p(N). Since
N is a ¢-2-absorbing primary subsemimodule of M and rz,sz ¢ N, we have
(t+7r)k+s) €/ (N:M). By Lemma 2.6, we obtain rs € y/(IN : M), which is a
contradiction with ¢-triple-zero of N. Hence, (N : M)?z C ¢(N).

(3) Suppose that there exists y € N such that rsy ¢ ¢(N). Since (r,s,x)
is a ¢-triple-zero of N, we have rsx € ¢(N). So, rs(x +y) ¢ ¢(N). Then
rs(x +y) € N\¢(N) because ¢(N) C N. Since N is a ¢-2-absorbing primary
subsemimodule, r(z +y) € N or s(x +y) € N or rs € /(N :M). Since N
is a subtractive subsemimodule and y € N, we obtain rz € N or sx € N or
rs € /(N : M), which is a contradiction with ¢-triple-zero of N. Therefore,
rsN C ¢(N).

(4) Suppose that there exists ¢t € (N : M) and y € N such that rty ¢ ¢(N).
Since (r,s,x) is a ¢-triple-zero of N, we obtain rsz € ¢(N). By parts (1) and
(3), we have rtx,rsy € ¢(N). So, r(s+t)(z +y) ¢ #(N). Since ¢(N) C N and
y € N, we get (s +t)(z +y) € N\¢(N). Since N is a ¢-2-absorbing primary
subsemimodule, r(z +y) € N or (s+t)(x+y) € Norr(s+t) € \/(N:M).
Since N is a subtractive subsemimodule and Lemma 2.6, we have rx € N or
sz € N or rs € y/(IN: M), which is a contradiction with ¢-triple-zero of N.
Hence, r(N : M)N C ¢(N). Similarly, s(N : M)N C ¢(N). O

Corollary 3.17. Let M be an R-semimodule, ¢ : S(M) — S(M) U{0} a func-
tion, and let N be subtractive subsemimodule of M such that $(N) C N. Assume
that N is a ¢-2-absorbing primary subsemimodule of M and is not a 2-absorbing
primary subsemimodule. Then (N : M)2N C ¢(N).

Proof. Since N is a ¢-2-absorbing primary subsemimodule of M and is not a 2-
absorbing primary subsemimodule, we have (r, s, x) is a ¢-triple-zero of N. Assume
that t,k € (N : M), y € N and tky ¢ ¢(N). So, thky € N\¢(N). Consider (r +
t)(s+k)(x+y) ¢ ¢(N) because N is a ¢-triple zero and Theorem 3.16 and ¢(N) C
N is subtractive subsemimodule. Then (r+t)(s+k)(z+y) € N\¢(N). Since N is a
¢-2-absorbing primary subsemimodule, we have (r+t)(z+y) € N or (s+k)(z+y) €
Nor (r+t)(s+k) € /(N:M). Since N is a subtractive subsemimodule and
Lemma 2.6, we have rz € N or s € N orrs € /(N : M), which is a contradiction
with ¢-triple-zero of N. Therefore, (N : M)?N C ¢(N). O

In 2017, the concept of weakly ¢-2-absorbing primary submodules was intro-
duced by Moradi and Ebrahimpour [11]. In the current study, we will extend this
idea and provide a definition for weakly ¢-2-absorbing primary subsemimodules.

Definition 3.18. Let M be an R-semimodule, ¢ : S(M) — S(M) U {0} be
a function, where S(M) is the set of R—module M. They said that a proper
submodule N of M is a weakly ¢-2-absorbing primary submodule if 0 # rsx €
N\ ¢(N) implies rz € N, or st € N, or rs € /(N : M), where r,s € R and
reM.
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Proposition 3.19. Let M be an R-semimodule, ¢ : S(M) — S(M) U {0} a
function, and let N be subtractive subsemimodule of M such that ¢(N) C N that
18 not 2-absorbing primary subsemimodule of M. If N is a weakly 2-absorbing
primary subsemimodule of M, then (N : M)?N = {0}.

Proof. Assume that N is a weakly 2-absorbing primary subsemimodule of M but N
is not 2-absorbing primary subsemimodule of M. Then N is a ¢g-2-absorbing pri-
mary subsemimodule of M. By Corollary 3.17, we obtain (N : M)2N C ¢o(N) =
{0}. Clearly, {0} C (N : M)?N. Thus, (N : M)?N = {0}. O

Subsequently, we analyze the function ¢,,, as defined in Definition 2.7, for cases
where n < 4. We also explore the function ¢,,, also defined in Definition 2.7, which
establishes a connection with ¢-2-absorbing primary subsemimodules.

Proposition 3.20. Let M be an R-semimodule, ¢ : S(M) — S(M) U {0} a
function, and let N be subtractive subsemimodule of M such that ¢(N) C N that
is not 2-absorbing primary subsemimodule of M. If N is a ¢-2-absorbing primary
subsemimodule of M for some ¢ with ¢ < ¢4, then (N : M)?N = (N : M)3N.

Proof. Assume that N is a ¢-2-absorbing primary subsemimodule of M with ¢ <
¢4 and N is not 2-absorbing primary subsemimodule. By Corollary 3.17, we
obtain (N : M)2N C ¢(N). Since ¢ < ¢y, then ¢(N) C ¢4(N) = (N : M)3N.
Now, we have (N : M)2N C (N : M)3N. Since N is an R-semimodule, we have
(N:M)3N = (N:M)(N:M)?N C (N : M)2N. Therefore, (N : M)2N = (N :
M)3N. 0

Corollary 3.21. Let M be an R-semimodule, ¢ : S(M) — S(M)U {0} a func-
tion, and let N be subtractive subsemimodule of M such that ¢(N) C N. If N
s a ¢-2-absorbing primary subsemimodule of M with ¢ < ¢4, then N is a ¢y,-2-
absorbing primary subsemimodule of M.

Proof. Assume that N is a ¢-2-absorbing primary subsemimodule of M with ¢ <
¢4. It’s clear that N is a ¢,-2-absorbing primary subsemimodule of M if N is
a 2-absorbing primary subsemimodule. Now, we consider in case that N is not
2-absorbing primary, then (N : M)2N = (N : M)3N, by Proposition 3.20. Since
N is a ¢-2-absorbing primary subsemimodule of M with ¢ < ¢4, we have N is
$4-2-absorbing primary. So, ¢, (N) = (o_o(N : M)™N = (N : M)3N = ¢,.
Thus, N is a ¢,,-2-absorbing primary subsemimodule of M. O

Lemma 3.22. Let N be a subtractive ¢-2-absorbing primary subsemimodule of
an R-semimodule M and a,b € R. Suppose that abK C N \ ¢(N) for some
subsemimodule K of M. Then ab € /(N : M) or aKk C N or bK C N.

Proof. Let abK C N \ ¢(N) for some subsemimodule K of M. Assume that
ab ¢ /(N:M), aK ¢ N and bK ¢ N. Then ak; ¢ N and bky ¢ N for some
ki,ky € K. Since abky € N\¢(N), ab ¢ /(N : M), aky ¢ N and N is a ¢-2-
absorbing primary subsemimodule, we have bk; € N. Since abks € N\¢(N),ab ¢
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V(N : M), bky ¢ N and N is a ¢-2-absorbing primary subsemimodule, we obtain
aky € N. We know that ab(ky + k2) € N\¢(NV) and ab ¢ /(N : M). Since N is a
¢-2-absorbing primary subsemimodule, we have a(k; +k2) € N or b(k; +k2) € N.
If a(ky + ko) € N, then aky € N (as N is a subtractive), which is a contradiction.
If b(k1 + k2) € N, then bko € N (as N is a subtractive), which is a contradiction.
Hence, ab € /(N : M) or aK C N or bK C N. O

Theorem 3.23. Let K be a subtractive subsemimodule of M and /(K : M) be
a subtractive ideal of R. If K is a ¢-2-absorbing primary subsemimodule of M,
then whenever IJN C K\¢(K) for some ideals I,J of R and a subsemimodule N
of M, then IJ C /(K : M) orIN CK or JN CK.

Proof. Let K be a ¢-2-absorbing primary subsemimodule of M. Assume that
IJN C K\¢(K) for some ideals I, J of R and a subsemimodule N of M. Suppose
that IJ ¢ /(K : M), IN ¢ K and JN ¢ K. Then e4N ¢ K and N ¢ K
for some a; € I and by € J. Since a1t N C K\¢p(K),aiN ¢ K,btN ¢ K
and Lemma 3.22, we have a1by € /(K : M). Since IJ ¢ /(K : M), we have
asbe ¢ /(K : M) for some ay € I and by € J. Since agbsN C K\¢(K) and
asby ¢ /(K : M), we have aoN C K or boN C K by Lemma 3.22. Here three
cases arise.

Case I: When aa N C K but boN ¢ K. Since a1boN C K\¢(K), boN ¢ K and
a1N ¢ K, then by Lemma 3.22, a1by € /(K : M). We know that ao N C K but
a1N € K, so (a14+a2)N ¢ K (as K is subtractive). Since (a;+a2)boN C K\¢(K),
boN ¢ K and (a1 +a2)N € K, we have (a1 + a2)bs € \/(K : M) by Lemma 3.22.
Since aiby € /(K : M) and /(K : M) is subtractive, we have azbs € /(K : M),
which is a contradiction.

Case II: When by N C K but asN Q K. We can conclude similary to Case I.

Case III: When ao N C K and b N C K. Since boN C K and by N ,@ K, we
have (by +b2)N € K. Since a1(by +b2)N C K\$(K), (b1 +b2)N € K and a1 N ¢
K, we get that a1 (by + b2) € /(K : M) by Lemma 3.22. Since a1b; € /(K : M)
and /(K : M) is subtractive, we conclude that a;bs € /(K : M). Since aaN C
K,a1N ¢ K and K is subtractive implies (a; + a2)N ¢ K. Since (a; 4+ a2)bi N C
K\¢(K), (a1 + a2)N € K and bt N ¢ K, we have (a1 + a2)by € /(K : M) by
Lemma 3.22. Since a1b; € /(K : M), (a1 + az2)by € /(K : M) and /(K : M)
is subtractive, we have asb; € /(K : M). Since (a1 + ag2)(by + ba)N C K\¢(K),
(a1 + a2)N ¢ K and (by + bo)N ¢ K, by Lemma 3.22, (a1 + a2)(b1 + b2) €
V(K : M). Since agby,a1bs,arby € /(K : M) and /(K : M) is subtractive, then
asgby € /(K : M), which is a contradiction.

Hence, IJ C /(K :M)or INC K or JN C K. O

Theorem 3.24. Let M an R-semimodule, and let ¢ : S(M) — S(M)U{0} be a
function. Assume that N is a subsemimodule of M such that $(N) is a 2-absorbing
primary subsemimodule of M and ¢(N) C N. Then N is a ¢-2-absorbing primary
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subsemimodule of M if and only if N is a 2-absorbing primary subsemimodule of

M.

Proof. First, assume that NV is a ¢-2-absorbing primary subsemimodule of M and
@(N) is a 2-absorbing primary subsemimodule of M. Let r, s € R and 2 € M with
rsx € N. Suppose that neither rx nor sx is in N. Here two cases arise.

Case I: rsz € ¢(N). Then rs € \/(¢(N): M) C /(N : M) because ¢(N) is
a ¢-2-absorbing primary subsemimodule, ¢(N) C N and rz, sz ¢ N.

Case II: rsx ¢ ¢(N). Since N is a ¢-2-absorbing primary subsemimodule and
rz, sx ¢ N, we obtain rs € /(N : M).

Conversely, it’s clearly. O

Let M be an R-semimodule, N a @-subsemimodule of M and ¢ : S(M) —
S(M)uU{0} a function. We define the function ¢n : S(M/N(g)) — S(M/N(g))U
{0} by on (K/N) = ¢(K) /Nyx)nq) if ¢(K) # 0 and ¢y (K/N) =0 if ¢(K) = 0,
for every subsemimodule K of M with N C K.

Theorem 3.25. Let M be an R-semimodule, N a Q-subsemimodule of M and
P,¢(P) are subtractive subsemimodules of M with N C P. Then P is a ¢-
2-absorbing primary subsemimodule of M if and only if P/Ngnpy i a ¢n-2-
absorbing primary subsemimodule of M/N(q).

Proof. First, assume that P is a ¢-2-absorbing primary subsemimodule of M.
Then we have P/N(onp) is a subsemimodule of M/Nq). Let r,s € Rand ¢ +N €
M/N(Q) where g1 € @ be such that rs ® (¢ + N) € P/N(Qmp) \(;SN(P/N(QQP)).
Then there existe unique go € @ N P such that rs ® (g1 + N) = ¢2 + N where
rsq1+N C g2+ N. Since g2 € Pand N C P, we have rs¢;+N C P. Since N C P
and P is a subtractive subsemimodule, rsq; € P. Since rsqy + N C go + N ¢
&N (P/N@gnp)), we obtain 7sq1 + N C g2 + N & ¢(P)/N(ong(p))- Thus, we have
rsq1 = qa+x for some x € N C ¢(P). Since g2 ¢ QNp(P), we get g2 ¢ ¢(P). Then
rsq1 = q2 +x ¢ ¢(P) because ¢(P) is subtractive. Now, we have rsq; € P\ ¢(P).
Since P is a ¢-2-absorbing subsemimodule of M, it can be concluded that rg; € P
or s € Porrs € /(P:M). We claim that » ® (¢1 + N) € P/Ngnp) or
sO(qg1+N)e P/N(Qmp) or rs € \/(P/N(Qmp) : M/N(Q)

Case I: rq; € P. Since ¢; € @, we have rq; € Q. Then rq; € @ N P. So,
rq1 + N € P/Ngnpy. Moreover, r ® (q1 + N) = g3 + N where g3 € Q is unique
such that rq; + N C q3 + N. Then rq; = g3 + x; for some z; € N C P. Since P
is subtractive, we have g3 € P. Thus, 7 © (¢1 + N) = g3 + N € P/Ngnp).

Case II: sq; € P. We can conclude similarly to Case I that s ® (¢1 + N) €
P/Nqnp)-

Case I1I: 7s € \/(P : M). Then there exists k € N such that (rs)* € (P : M),
So, (rs)*M C P. Let ¢+ N € M/Ng) where g € Q. Consider (rs)* © (¢+ N) =
g4+ N where ¢4 € Q is unique such that (rs)* + N C g4+ N. So, (r5)Fq = q4 + 22
for some x5 € N C P. Since (rs)* € (P : M), we have (rs)*q € P. Hence, q4 € P
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because P is subtractive. Then ¢4 € QN P. Thus, (rs)* © (¢ + N) =q + N €
P/N(an). Hence, rs € \/(P/N(Qﬁp) : M/N(Q)

Therefore, P/N(gnp) is a ¢n-2-absorbing primary subsemimodule of M/N ).

Conversely, assume that P/N(gnpy is a ¢n-2-absorbing primary subsemimod-
ule of M. Let r,s € R and x € M such that rsz € P\ ¢(P). Since N is a
(@-subsemimodule of M and x € M, we have z € ¢; + N where ¢ € Q. So,
rsr €rs®(q1 + N). Let rs ® (qg1 + N) = g2 + N where ¢ is the unique element
of @ such that rsqs + N C ¢g2 + N. Then rsx € g2 + N. So there is y € N
such that g2 +y = rsx € P. Since y € N C P and P is subtractive, we obtain
q2 € P. Then g € QN P. Thus, rs ® (1 + N) = ¢2 + N € P/N(gnp). Consider
rse ¢ ¢(P) and y € N C ¢(P). Since rsx = g2 + y and ¢(P) is subsemimodule,
we have go ¢ ¢(P) so that g2 + N ¢ ¢(P)/Ngne(p)) = ¢n(P/N). Now, we have
rs © ((h + N) = g2 + N ¢ P/N(Qmp) \ ¢N(P/N) Since P/N(Qmp) is a ¢N—2—
absorbing primary subsemimodule of M/N(q), we get r © (¢1 +N) € P/N(gnp) or
s®(q1+N) € P/Ngnpy or rs € \/(P/Ngnp) : M/N(q)). Here three cases arise.

Case I: 1 © (q1 + N) € P/N(gnp). Then r© (q1 + N) = g2 + N where gy is the
unique element of QN P such that rq1 + N C g2+ N. Thus, rg1 + N C g+ N C P
because N C P and go € QNP. So,x € ¢+ N that re € r(gn + N) Crg1 + N C
g2+ N C P. Thus, rz € P.

Case II: s © (q1 + N) € P/Ngnp). We can conclude similarly to Case I that
sx € P.

Case I1I: rs € \/(P/N(Qmp) : M/N(Q)) Then (’/’S)k O] M/N(Q) - P/N(Qmp)
for some k € N. Let m € M. So, there is unique g3 € @ such that m € g3+ N and
(rs)km € (rs)k(gz+N) C (rs)*®(g3+N) = g4+ N where gy is the unique element
of @ such that (rs)*q3+ N C g4+ N. Now, g4+ N = (rs)*®(g3+N) € P/Nonp)-
Then (rs)*m € qu + N C P. So, (rs)*M C P. Thus, (rs)*M C P. Therefore,
rs € \/(P: M).

Hence, P is a ¢-2-absorbing primary subsemimodule of M. O

Corollary 3.26. Let M be an R-semimodule, N a Q-subsemimodule of M, and
let P and ¢(P) be subtractive subsemimodules of M with N C P. If (P) = N and
P is a ¢-2-absorbing primary subsemimodule of M, then P/Ngnp) is a weakly
2-absorbing primary subsemimodule of M /N ).

Proof. Since ¢(P) = N, we have ¢n(P/N) = ¢(P)/N = {0}. By Theorem 3.25,
we conclude that P/Ngnp) is a weakly 2-absorbing primary subsemimodule of
M/Nq). O

References
[1] A. Badawi, On 2-absorbing ideals of commutative rings, Bull. Aust. Math. Soc. 75
(2007), no. 3, 417 — 429.

[2] A.Y. Darani, and F. Soheilnia, 2-absorbing and weakly 2-absorbing submodules,
Thai. J. Math. 9 (2011), no. 3, 577 — 584.



On ¢-2-absorbing primary subsemimodules 11

[3] J.N. Chaudhari, 2-absorbing ideals in semirings, Int. J. Algebra 6 (2012), no. 6,
265 — 270.

[4] I. Thongsomnuk, 2-absorbing and weakly 2-absorbing subsemimodules over com-
mutative semirings: Master’s thesis, Chulalongkorn University, (2012).

[5] M.K. Dubey and P. Sarohe, On 2-absorbing semimodules, Quasigroups and
Related Systems 21 (2013), 175 — 184.

[6] P. Kumar, M.K. Dubey and P. Sarohe, On 2-absorbing ideals in commutative
semiring, Quasigroups and Related Systems 24 (2016), 67 — 74.

[7] J.N. Chaudhari and B.R. Bonde, Weakly prime subsemimodules of semimodules
over semarings, Int. J. Algebra. 5 (2011), no. 4, 167 — 174.

[8] D. D. Anderson and M. Batanieh, Generalizations of prime ideals, Comm.
Algebra. 36 (2008), no. 2, 686 — 696.

[9] M. K. Dubey and P. Sarohe, On 2-absorbing primary subsemimodules over
commutative semirings, Bul. Acad. Stiinte Repub. Mold., Mat. 78 (2015), no. 2,
27 — 35.

[10] P. Petchkaew, A. Wasanawichit, and S. Pianskool, Generalizations of n-
Absorbing Ideals of Commutative Semirings, Thai. J. Math. 14 (2016), no. 2, 477 —
489.

[11] R. Moradi and M. Ebrahimpour, On ¢-2-absorbing primary submodule, Acta
Math. Vietnam. 42 (2017), 27 — 35.

[12] J.S. Golan, Semirings and their Applications, Kluwer Academic Publishers, Dor-
drecht. (1999).

[13] R.E. Atani, and S.E. Atani, On subsemimodules of semimodules, Bul. Acad.
Siinte Repub. Mold. Mat. 63 (2010), no. 2, 20 — 30.

[14] J.N. Chaudhari and B.R. Bonde, On partitioning and subtractive subsemimod-
ules of semimodules over semirings, Kyungpook Math. J. 50 (2010), 329 — 336.

I. Thongsomnuk

Division of Mathematics, Faculty of Science and Technology, Phetchaburi Rajabhat University
Na Wung, Muang, Phetchaburi 76000, Thailand

E-mail: issaraporn.tho@mail.pbru.ac.th

R. Chinram

Division of Computational Science, Faculty of Science, Prince of Songkla University,
Hat Yai, Songkhla, 90110 Thailand

E-mail: ronnason.c@psu.ac.th

P. Singavanada

Program in Mathematics, Faculty of Science and Technology, Songkhla Rajabhat University
Khoa-Roob-Chang, Muang, Songkhla 90000, Thailand

pattarawan.pe@skru.ac.th

P. Chumket

Division of Mathematics, Faculty of Science Technology and Agriculture, Yala Rajabhat Univer-
sity

Tambol Sateng, Mueang, Yala 95000, Thailand

patipat.cQyru.ac.th



