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Abstract

This research presents an analytical investigation into the nonlinear
vibrational behavior of graphene nanoplatelet-reintorced polymer (GPL-R)
plates subjected to external excitation. The novelty of the proposed
methodology lies in establishing a direct test-to-dynamics framework in
which tensile-test-derived Mooney-Riviin constants are embedded into the
forced nonlinear vibration formulation of GPL-reinforced polymer plates,
rather than treating the nanocomposite as an equivalent linear elastic or
purely homogenized material. To develop a more realistic constitutive model
for the nanocomposite plate, this study integrates experimentally derived
hyperelastic parameters of GPL-epoxy nanocomposites into a nonlinear plate
vibration model governed by a Mooney-Rivlin strain-energy formulation.
Following the derivation of the nonlinear governing equations of motion via
Hamilton's principle, Galerkin's method is applied to discretize the system.
The effective mechanical properties of the nanocomposite are obtained
through experimental tensile testing performed on specimens containing
varying concentrations of graphene nanoplatelets. Subsequently, the
discretized equations are solved numerically to characterize the nonlinear
dynamic behavior of the system. To this end, the influence of key parameters
on various nonlinear phenomena is assessed using time-history responses,

phase-plane portraits, Poincaré maps, and frequency-response curves. The



experimentally calibrated analytical-numerical methodology avoids arbitrary
hyperelastic-parameter assumptions and enables direct transfer of the
measured GPL-dependent nonlinear material behavior into the vibration
model. The results demonstrate that increasing the GPL content up to 1.0
wt.% increases the resonant frequency by 57.9% and reduces the maximum
vibration amplitude by 50% compared with pure epoxy. Furthermore, the
formulation captures a softening-to-hardening transition governed by the
competition between Mooney-Rivlin material nonlinearity and von Karman
membrane stretching. Accounting for hyperelastic material behavior is
shown to be crucial for accurately predicting the dynamic response,
particularly at larger amplitudes, where linear elastic models overestimate
deflections.

Keywords: Nonlinear vibration; graphene nancoplatelets; hyperelastic

behavior; tensile testing; Poincaré map.

Abbreviations
Abbreviation Definition
ASTM American Society for Testing and Materials
‘IAVS TM D638- ASTM D638 Tvpe IV tensile specimen standard
AUTO Numerical continuation and bifurcation analysis software
DS Initial continuation step size in AUTO
DSMAX Maximum continuation step size in AUTO
DSMIN Minimum continuation step size in AUTO
EPS Residual convergence tolerance in AUTO
Convergence tolerance for the Newton iteration equations
EPSL in AUTO
EPSU Convergence tolerance for the solution update in AUTO
FK20 Commercial epoxy resin system used as the matrix material
GPL Graphene nanoplatelet
GPL-R Graphene nanoplatelet-reinforced
NCOL Number of collocation points per mesh interval in AUTO
NTST Number of mesh intervals in AUTO
SEM Scanning electron microscopy

wt.% Weight percentage




1. Introduction

The increasing use of lightweight polymer-based structures in
dynamically loaded engineering systems has created a strong need for
materials and models capable of predicting vibration response beyond the
assumptions of classical linear elasticity [1]. However, polymers typically
exhibit lower strength and thermal resistance compared to other materials.
This necessitates their reinforcement with other materials, including
nanomaterials possessing unique properties [2]. High-strength
nanomaterials, characterized by high thermal stability, desirable electrical
conductivity, and robust chemical resistance, can impart enhanced electrical,
thermal, and mechanical properties to polymer nanocomposites, extending
their service life and thereby mitigating waste and environmental concerns
[3]. Consequently, understanding the vibration behavior of polymer
nanocomposite plates is essential not only for imiproving stiffness-to-weight
performance, but also for controlling resonance, reducing large-amplitude
oscillations, and preventing instability under time-dependent excitation. A
central scientific challenge in this field is to determine how nanoscale
reinforcement modifies the nonlinear constitutive response of the polymer
matrix and, in turn, changes the global nonlinear vibration characteristics of
the plate. At the material-characterization scale, recent studies on
nanoindentation inverse analysis, indentation-based reverse identification of
film/substrate cohesion, and moisture-sensitive polymer-modified layered
minerals have shown that reliable prediction of mechanical response requires
experimentally grounded parameter identification and careful consideration
of microstructure-dependent material behavior [4-6].

The escalating use of compliant materials, such as polymers, elastomers,
and rubbers, in diverse engineering applications necessitates a departure
from traditional linear elastic models. These materials routinely experience
substantial nonlinear strains within their elastic regimes, rendering
conventional linear continuum mechanics inadequate for precise behavioral

prediction. Consequently, a robust hyperelastic formulation is imperative for



accurate characterization. Prior research has focused on characterizing
idealized soft structures without porosity and geometric imperfections,
motivated by their growing applications in soft robotics [7], minimally
invasive surgical instruments [8], and bio-integrated devices, including
synthetic organs and implants. Hamilton’s principle and Kirchhoff-Love plate
theory are commonly used theoretical tools in nonlinear dynamics [9, 10]. The
nonlinear mechanical characteristics of hyperelastic plates [11] and shells
[12] have been extensively investigated employing strain-energy density
models based on Ogden and Neo-Hookean formulations. These studies have
consistently demonstrated a high degree of correlation between hyperelastic
model predictions and experimental observations. From an engineering
viewpoint, GPL-reinforced polymer plates represent a class of lightweight
compliant structural components that may operate urnider repeated dynamic
excitation, localized actuation, vibration transmission, or additional inertial
effects. In such conditions, the critical design question is not only whether
GPLs increase the small-strain stiffness of the polymer matrix, but how the
GPL-induced changes in nonlinear constitutive behavior affect resonance
frequency, vibration amplitude, jump phenomena, and stability of the forced
response. This issue is scientifically important because the dynamic response
of a hyperelastic plate is governed by a competition between material
nonlinearity associated with the strain-energy function and geometric
nonlinearity caused by large-deflection membrane stretching. Therefore, the
main objective of this work is to determine how GPL concentration, through
its effect on the experimentally measured Mooney-Rivlin constants, modifies
the nonlinear vibration mechanisms of fully clamped polymer plates
subjected to harmonic point excitation and concentrated mass. The resulting
trends are intended to provide design guidance for controlling resonance,
limiting large-amplitude oscillations, and tailoring nonlinear dynamic
characteristics in lightweight GPL-reinforced polymer structures.

The study of nonlinear vibrations in thin hyperelastic plates involves

understanding the complex interplay between material and geometric



nonlinearities. These plates, often made from materials like rubber or
biological tissues, exhibit significant nonlinear behavior due to their
hyperelastic nature. The research primarily focuses on modeling these
nonlinearities using various hyperelastic material laws and analyzing the
dynamic response of the plates under different conditions. Hyperelastic
materials are characterized by their nonlinear stress-strain relationships,
which are typically modeled using constitutive laws such as the Mooney-
Rivlin model, the Neo-Hookean model, or the Ogden model. These models are
essential for capturing the large deformations and nonlinear material
behavior of hyperelastic plates. For instance, the Mooney-Rivlin model is
widely used due to its ability to describe the nonlinear elastic response of
rubber-like materials, as demonstrated in studies on nonlinear acoustic
radiation from hyperelastic plates [13]. Similarly, the Neo-Hookean model
has been employed to analyze the nonlinear vibrations of hyperelastic
membranes and plates, particularly in the context of internal resonances and
amplitude-dependent properties [i4]l. From a nonlinear-dynamics
perspective, recent studies on bridge-deck vortex-induced vibration with
multistability, bistable frequency responses of flow-filled graphene-
reinforced pipes, and composite shells with embedded damping layers
indicate that nonlinear resonance, jump response, and damping-dependent
stability should be treated as design-relevant features rather than secondary
effects [15-17].

Prior investigations have explored the complexities of hyperelastic
material behavior in structural components, with a focus on nonlinear
vibrations and dynamic response. Zheng et al. [11] derived governing
equations for cylindrical shells under radial excitation, while Xie et al. [13]
numerically analyzed rubber plates using finite element methods and the
Mooney-Rivlin model. The influence of viscoelastic media on thin-plate
vibrations, particularly the impact of damping characteristics, was
investigated by Shitikova et al. [18]. Karimi et al. [19] focused on the

nonlinear behavior of hyperelastic membranes embedded in elastic



foundations, using the Neo-Hookean model. Hosseini et al. [20] presented a
static analysis of hyperelastic plates under various loading scenarios,
employing higher-order plate theories and nonlinear strain relations. These
diverse studies collectively underscore the importance of considering both
material and geometric nonlinearities when analyzing the dynamic behavior
of structures composed of hyperelastic materials. Parhi and Roy [21, 22]
investigated chaotic vibration in auxetic carbon-nanotube-reinforced
nanocomposite structures and showed that time histories, phase portraits,
Poincaré maps, bifurcation diagrams, and jump phenomena are essential
tools for characterizing nonlinear vibration behavior. Similarly, nonlinear
vibration and energy-absorption responses of auxetic sandwich
nanocomposite structures have been examined, demonstrating the relevance
of negative-Poisson’s-ratio configurations for vibraticn mitigation and energy
dissipation. More recently, nonlinear dynamic studies of FG-GFRC-NPR
structures and auxetic graded nanotube-reinforced polymeric composite
beams have highlighted the need for nonlinear formulations when dealing
with functionally graded, nanoreinforced, and energy-absorbing polymeric
composite systems [23, 24]. These recent contributions confirm the growing
interest in nonlinear vibration analysis of advanced nanocomposites;
however, the experimentally calibrated hyperelastic vibration response of
GPL-reinforced polymer plates remains insufficiently explored, which
motivates the present study.

More broadly, the rapid development of nanotechnology across
mechanical, biomedical, electronic, energy, and aerospace applications has
intensified interest in nanoreinforced polymer systems whose multiscale
properties can be tailored to enhance stiffness, stability, actuation capability,
sensing performance, and vibration-control behavior [25, 26]. Recent
advances in multilayer heterogeneous pyrocarbon composites, stainless-
steel/copper composite strips, and graphene-skinned fibers further
demonstrate that interfacial architecture, processing history, and nanoscale

conductive skins can be used to tailor mechanical, thermal, electromagnetic,



and multifunctional performance of composite materials [27-29]. In the
context of nonlinear vibration analysis of GPL-R structures, several recent
studies have contributed significantly to the field [30-32]. The need for
reliable dynamic models is also evident in complex mechanical systems such
as herringbone planetary gears, high-pressure fuel-pump bush lubrication
coupled with camshaft bending vibration, and pre-twisted mechanical-
metamaterial sandwich blades, where geometric design, coupled motion, and
structural configuration strongly influence vibration behavior [33-35]. Yang
et al. [36] investigated the linear and nonlinear free vibrations of electrically
prestressed highly aligned graphene-reinforced dielectric porous arches,
considering large deformation and electrically induced stress. Yang et al. [36]
examined the coupled dynamic instability of GPL-R dielectric porous arches
under electromechanical loading, observing coupling effects between
parametric and forced resonance. Fan and She [37] investigated the
nonlinear transient response of graphene pl!atelet-reinforced metal foams
beams with initial geometric imperfections, providing valuable insights into
the dynamic behavior of such composite systems under pulse loads.
Subsequently, Fan et al. [38] extended this line of research to two-directional
functionally graded spinning annular plates with variable thickness,
examining the effects of spinning motion and geometric nonlinearity on their
forced vibration characteristics. Fan et al. [39] analyzed the nonlinear
transient response of revolution doubly curved shells reinforced with GPLs,
considering initial geometric imperfections and porosity effects.
Multi-physics and rotating composite systems, including piezoelectric
composites with cylindrical inhomogeneities, graphene-coated rotational
blades under complex loads, and rotating dovetailed blades with flexible
rough-contact connections, further demonstrate that anisotropy, graphene
reinforcement, and boundary/interface conditions can substantially modify
wave propagation and vibration characteristics [40-42]. Zhang et al. [43]
investigated the  aero-thermoelastic stability of GPL-reinforced

nanocomposite lattice sandwich plates subjected to supersonic flow,



considering temperature- and moisture-dependent properties. Wang et al.
[44] employed a nonlinear energy sink to suppress the nonlinear aeroelastic
responses of GPL-reinforced composite lattice sandwich plates,
demonstrating the effectiveness of passive control strategies in mitigating
flutter. In the context of thermal environments, Wang and Zhang [45]
examined the thermal buckling and postbuckling responses of temperature-
dependent GPL-reinforced porous nanocomposite beams, revealing the
crucial roles of porosity distribution and GPL dispersion patterns on thermal
stability. Ma et al. [46] investigated the nonlinear thermal flutter behavior of
GPL-R metal foam arbitrary quadrilateral plates under supersonic airflow,
considering different temperature rise modes and employing the generalized
differential quadrature method. More recently, She et al. [47] examined the
geometrically nonlinear transient response of such quadrilateral plates under
blast loads, taking into account the effects of viscoelastic foundations and
thermal environments. Cheng and She 1483] investigated the nonlinear
transient response of rotating graphene-reinforced metal foam beams with
cracks, considering the combined effects of rotational motion, material
porosity, and geometric imperiections. More recently, the nonlinear internal
resonance of graphene-reinforced metal foam plates with initial geometric
imperfection under nion-uniform temperature fields has been examined [49],
revealing complex energy transfer mechanisms between modes under
thermal environments. These studies underscore the importance of
accounting for various practical factors—such as cracks, rotation,
temperature fields, and geometric imperfections—in the accurate prediction
of nonlinear dynamic behavior of the plates.

The reviewed literature indicates that three relevant research streams
have been developed in parallel: nonlinear vibration analysis of hyperelastic
plates and shells, dynamic modeling of GPL-R structures, and experimental
characterization of polymer nanocomposites. However, the intersection of
these topics remains insufficiently clarified, particularly for polymer plates in

which the nonlinear constitutive response is governed by experimentally



identified hyperelastic parameters rather than assumed linear elastic or
homogenized properties. In this context, an important knowledge gap
concerns how GPL-dependent Mooney-Rivlin material parameters influence
the forced nonlinear vibration response, resonance shift, amplitude
reduction, and softening-to-hardening transition of hyperelastic polymer
plates.

The present study addresses this observed gap by integrating tensile-
test-derived Mooney-Rivlin constants into a Kirchhoff-Love/von Karman plate
formulation and by solving the resulting nonlinear equations using Galerkin
discretization and numerical continuation. This framework enables direct
assessment of the coupled effects of GPL concentration, experimentally
calibrated material nonlinearity, geometric nonlinearity, and concentrated
mass on the nonlinear dynamic response. The main coniributions of the study
are therefore: (i) incorporation of experimentally identified hyperelastic
constants of GPL-epoxy nanocomposites into nonlinear plate vibration
analysis; (ii) formulation of the forced vibration problem using a Mooney-
Rivlin hyperelastic model combined with von Kadrman geometric nonlinearity;
(iii) identification of the mechanisms governing the transition from softening-
type to hardening-type response; and (iv) provision of quantitative design-
oriented results showing that 1.0 wt.% GPLs increases the resonant
frequency by 57.9% and reduces the maximum vibration amplitude by 50%
compared with pure epoxy. These contributions provide a constructive basis
for designing lightweight GPL-R polymer plates with tailored nonlinear
vibration characteristics. Thus, the scientific interest of the present problem
lies in identifying how material-level changes introduced by GPL
reinforcement are transferred to system-level nonlinear vibration features
such as resonance shift, amplitude limitation, jump response, and stability

variation.

2. Experimental Determination of Nanocomposite Mechanical

Properties



In this study, FK20 resin was employed as the matrix material for
fabricating graphene nanoplatelet (GPL)-reinforced nanocomposite samples.
This matrix is a two-component resin based on Epoxy Bisphenol A and a
Polyamine Hardener curing agent. The resin has a density of 1150 kg/m?2 and
the two components are mixed at a weight ratio of 2:1. The graphene
nanoplatelets, with a stated purity of 99.5%, were sourced from US-NANO
(USA). A scanning electron microscope (SEM) image of the GPLs is presented

in Figure 1.

Figure 1: SEM image of the GPLs used in this study

GPL-reinforced epoxy nanocomposite specimens were fabricated using
a direct mixing route designed to improve nanoparticle dispersion and reduce
void formation. First, the required amount of GPLs (0, 0.2, 0.4, 0.6, 0.8, and
1 wt.%) was weighed according to the target weight fraction and gradually
added to the FK20 epoxy resin. The mixture was mechanically stirred for 1 h
at 1500 rpm to achieve initial distribution of the GPLs within the resin.
Subsequently, the suspension was subjected to ultrasonication for 40 min
using an ultrasonic bath in order to disrupt possible GPL agglomerates and
improve nanoparticle dispersion. Since excessive temperature rise during
sonication may change the resin viscosity and adversely affect the curing
process, an ice-water bath was used to maintain a low mixture temperature,
and the suspension was allowed to rest for 3 min after every 10 min of

ultrasonication. The mixture was then degassed under vacuum for 20 min to



remove entrapped air bubbles. Afterward, the hardener was added according
to the prescribed resin-to-hardener mixing ratio, and the mixture was gently
stirred for 5 min to avoid additional air entrapment. A second vacuum
degassing step was performed for 10 min before casting. Finally, the mixture
was poured into molds conforming to the ASTM D638-1IV tensile specimen
geometry, cured for 3 h at 85°C, and post-cured for 1 h at 110°C. The
specimens were then stored at room temperature for one week to ensure
complete curing, and surface irregularities were removed using fine
sandpaper before testing.

Direct tensile testing was performed using a Zwick-Z250 universal
testing machine with a capacity of 10 kN and an accuracy of 0.2%, and the
measured load-displacement data were converted into stress-strain curves
for each GPL concentration. Displacement-controlled loading was applied at
a rate of 10 mm/min, and testing continued until specimen failure.
Additionally, an extensometer with a resolution of 1 ym was used, as shown
in Figure 2c, to accurately measure the local strain in the gauge section and
to reduce errors associated with machine compliance during extraction of the
stress-strain curves.

The mechanical characterization followed an experimental-to-
constitutive modeliling procedure. For each GPL concentration, the force and
displacement data recorded during the ASTM D638-IV tensile test were
converted into stress-strain curves using the initial specimen geometry and
the strain measured by the extensometer. The use of the extensometer was
important because it reduced errors associated with machine compliance and
provided a more reliable measurement of the local strain in the gauge section.
The resulting stress-strain curves were used to determine the small-strain
stiffness, tensile strength, fracture strain, and, more importantly, the
nonlinear material response required for hyperelastic parameter
identification. Therefore, the tensile tests provided the direct experimental
basis for calibrating the GPL-dependent material model used in the

subsequent nonlinear vibration analysis.



Fillet Radius:
[ 4mm Overall Length:
115mm

- 1 Gage Length: e
. 25mm -~

I Gage Width: 6mm

19mim

Outer Radius: 25mm
Marrow Length:

il - 32mm

Owverall Width:

]
Cirip Length: I
Bimm

(a)

(b) (c)
Figure 2: (a) Gecmetric dimensions of the direct tensile test specimen
according to ASTM D638-1V, (b) nanocomposite samples containing various

GPL concentrations, and (c) experimental setup for the direct tensile test.

Uniform dispersion of GPLs is a critical requirement for obtaining
reliable GPL-reinforced polymer nanocomposites. When the nanoplatelets are
uniformly distributed in the epoxy matrix, their large interfacial area can
contribute effectively to load transfer, restriction of polymer chain mobility,
and enhancement of stiffness. In contrast, agglomerated GPL clusters reduce
the effective reinforcing surface area and introduce local stress
concentration zones, which may initiate premature damage and reduce the

tensile strength and fracture strain. Nonuniform dispersion also produces



spatial variations in local stiffness and tangent material response. Therefore,
dispersion quality directly affects the measured stress-strain curves and the
Mooney-Rivlin constants extracted from them. Because these experimentally
identified constants are subsequently used in the nonlinear vibration model,
achieving a representative dispersion state is essential for accurate
prediction of resonance frequency, vibration amplitude, and nonlinear

response characteristics.

3. Hyperelastic Constitutive Relationships

To provide a clear overview of the integrated approach adopted in this
study—combining experimental characterization, constitutive modeling, and
nonlinear vibration analysis—a schematic flowchart is presented in Figure 3.
This flowchart outlines the sequential steps from material fabrication and
tensile testing to the extraction of hyperelastic constants, theoretical
formulation, discretization, numerical solution, and parametric analysis. The
present section focuses on the hyperelastic constitutive relationships, which
form the core of the material modeling. Following the experimental
determination of the Mooney-Riviin coefficients (C; and () described in
Section 2, the theoretical frainework for the hyperelastic plate is developed

herein.



Fabrication of GPL-reinforced epoxy

nanocomposites (0-1 wt.%)
Step 1: Experimental Characterization Tensile testing (ASTM D638)
Extraction of Mooney-Rivlin constants

(C1,C2)

Kirchhoff-Love plate theory

von Kidrman geometric nonlinearity
Step 2: Theoretical Formulation

Mooney-Rivlin hyperelastic model

Hamilton's principle

Galerkin method

Time-domain: Runge-Kutta method

Step-by-step methodology

Validation with literature

Nonlinear phenomena:
softening- to-hardening transition, jump,
multi-stability

Step 4: Results & Discussion

Step 3: Numerical Solution =~ (time histories, phase planes,Poincaré maps)
Frequency-domain: AUTO software
(frequency-response curves, bifurcation analysis)

Parametric Studies

Figure 3: Schematic flowchart illustrating the step-by-step methodology of
the present study

The use of a hyperelastic constitutive model is essential for GPL-
reinforced polymer plates because these structures cannot be accurately
represented as linear elastic plates with only a modified Young’s modulus. In

a linear elastic model, the stress is assumed to be proportional to strain and



the stiffness remains constant during deformation. Such an approximation is
valid only in the infinitesimal-strain regime. In contrast, epoxy-based
nanocomposites reinforced with GPLs may exhibit strain-dependent tangent
stiffness due to the nonlinear response of the polymer matrix, the restriction
of polymer chain mobility by GPLs, and interfacial deformation mechanisms
between the matrix and the nanoplatelets. Under large transverse
deflections, the plate also experiences membrane stretching and localized
shear near the clamped boundaries. Therefore, the overall response is
governed by the coupling between material nonlinearity and von Karman
geometric nonlinearity. A hyperelastic strain-energy formulation, such as the
Mooney-Rivlin model, enables this deformation-dependent energy storage to
be described through the strain invariants and allows the experimentally
identified material constants to be directly incorporaied into the nonlinear
vibration model.

The stress-strain response of GPL-reinforced polymer nanocomposites is
generally nonlinear and strain-dependent; therefore, a traditional linear
elastic model with a constant Young’s modulus cannot adequately represent
the evolving stiffness and strain-energy storage of the material under finite
deformation. The stress-strain behavior of soft polymer structures should be
experimentally characterized to determine their hyperelastic material
parameters. Strain-energy density models, which have shown a respectable
level of accuracy in simulating isotropic soft materials, are used to represent
the constitutive behavior of these materials due to their nonlinear stress-
strain behavior. The nonlinear elasticity of rubbers and polymeric materials
is typically described by hyperelastic constitutive laws, and these materials
are often assumed to be incompressible. Commonly, three hyperelastic
models are considered, along with their associated strain-energy density
function, W[50]:

Neo-Hookean:

£
w=E(-3) @)



Mooney-Rivlin:

w =21, 3)+2(1,- 3) )
Ogden:
w=8 E(12 +12 +12 - 3) 3)

i 8
where:

0 [z is the first invariant of the right Cauchy-Green deformation tensor,
B.
E'is elastic modulus of the plate.
Iz is second invariant of the right Cauchy-Green deformation tensor.
A1, Az, and As are the principal stretches of the plate.

O o O &8

Ciand a: denote material parameters.
The use of a hyperelastic constitutive model is essential for GPL-
reinforced polymer plates because these structures cannot be accurately
represented as linear elastic plates with only a modified Young’s modulus. In
a linear elastic model, the stress is assumed to be proportional to strain and
the stiffness remains constant during deformation. Such an approximation is
valid only in the infinitesimal-strain regime. In contrast, epoxy-based
nanocomposites reinforced with GPLs may exhibit strain-dependent tangent
stiffness due to the nonlinear response of the polymer matrix, the restriction
of polymer chain mobility by GPLs, and interfacial deformation mechanisms
between the matrix and the nanoplatelets. Under large transverse
deflections, the plate also experiences membrane stretching and localized
shear near the clamped boundaries. Therefore, the overall response is
governed by the coupling between material nonlinearity and von Karméan
geometric nonlinearity. A hyperelastic strain-energy formulation, such as the
Mooney-Rivlin model, enables this deformation-dependent energy storage to
be described through the strain invariants and allows the experimentally
identified material constants to be directly incorporated into the nonlinear

vibration model.



Among the available hyperelastic constitutive models, the Neo-Hookean,
Mooney-Rivlin, and Ogden formulations are widely used, but they differ
significantly in the number of material parameters, fitting flexibility,
calibration robustness, and suitability for nonlinear vibration analysis. The
Neo-Hookean model offers simplicity and low computational cost because it
uses a single material parameter; however, its dependence only on the first
invariant limits its ability to capture strain-induced stiffening and shear-
sensitive nonlinear response at larger deformations. The Ogden model is
highly flexible for complex large-strain responses, but its multiple parameters
require richer experimental data for unique calibration and may introduce
unnecessary numerical complexity in the present analytical-numerical
vibration formulation. The Mooney-Rivlin model, with two experimentally
identifiable constants C; and (,, provides the best balance between fitting
accuracy, parameter-identification robustness, and mathematical tractability
for GPL-reinforced polymer plates. It reliably captures the nonlinear stress-
strain response up to moderate-to-large deformations while allowing robust
parameter identification from standard tensile tests. Accordingly, the
Mooney-Rivlin model is adopted in this study, as it is well-suited for the
expected strain levels in hyperelastic plates and has been validated in prior
investigations [51].

The effective material properties of the GPL-R nanocomposite were
directly extracted from the experimental stress-strain data obtained from
tensile tests on specimens with varying GPL concentrations (0, 0.2, 0.4, 0.6,
0.8, and 1.0 wt.%). For each concentration, the Mooney-Rivlin hyperelastic
model constants ¢} and (, were determined by fitting the experimental
stress-strain curve using a nonlinear least-squares regression. The fitting
procedure minimizes the error between the experimental Cauchy stress and

the theoretical stress predicted by the Mooney-Rivlin model:
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where A=1+ ¢is the stretch ratio. The optimization was performed using the
Levenberg-Marquardt algorithm, with the goodness of fit quantified by the
coefficient of determination (A2>0.99 for all concentrations). These
experimentally calibrated constants were then directly employed in the
nonlinear vibration analysis, ensuring that the material model accurately
reflects the actual mechanical behavior of the nanocomposite without
recourse to homogenization or micromechanical approximations. This
approach captures not only the stiffening effect of GPLs but also the intrinsic
nonlinearity of the polymer matrix, which is essential for accurate prediction

of large-amplitude vibrations.

3.1 Hyperelastic Nanocomposite Plate Model

This study investigates the nonlinear vibrations of a rectangular flexible
plate with length a, width 5, and thickness A. The plate is composed of a GPL-
R polymer. The plate is fully clamped along all edges, and a concentrated
mass, Mnmass, iS located at position (Xpass>, Vmass)- All numerical results
reported in this study correspond to this fully clamped boundary condition.
The plate is also subjected to a harinonic concentrated force, F(%) = Fosin(wt),
acting at position (xgrce, Jrorce) (Figure 4). Because the GPL-reinforced
polymer plate may experience finite elastic strains during large-amplitude
transverse vibration, a hyperelastic constitutive model is employed to capture
the nonlinear stress-strain response and the deformation-dependent stiffness

of the nanocomposite.



Figure 4: Plan of a hyperelastic nanocomposite plate with fully clamped

supports subjected to a point force and a concentrated mass.

For hyperelastic nanocomposite plate with geometric dimensions
illustrated in Figure 4, deformation gradient tensor ¥ and left Cauchy-Green
deformation tensor B are defined as [52]:

d+e, g, 0 u
_é U
F—é e, 1l+e, 0 (,(53)
g 0 0 1l+ey
g(1+e) 2 (2+e,+e)e, O LJ
B=FF =42 +eX+ey)e)y (1+e,)+&, 0 3(5}3)
é 20
é 0 0 (1+6') g

where &, &y, and &, are the axial strains, and &x, stands in-plane shear strain,
which, for a Kirchhoff-Love plate, are defined as [53]:
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Here, the displacements in the x, y, and z directions are denoted by the
letters u, v, and w;, respectively. Using Eqgs. (5)-(7), the first two invariants of

the left Cauchy-Green strain tensor can be expressed as follows [54]:

I, =tr(B) =3+2(e, +e, +¢, ) +&,2+e, 2+, +2¢,2 (8)

/, =%(tr(B)2 - tr(B?)) =3+4(e, +e, +e,)+2(e, 2 +€, 2 +€?)
+4(eXey +ee, +ee ) +2(eX2ey +e’e, +ee’ +e’e, +eXe22) (9)
+2(eye§ +2e e, - e ’e,- exyzex),
Considering the incompressibility condition, /s = det(B) = 1 [54], the
following compatibility relation is obtained:
e =-e-e, +2(& +€ +ee, +efy)+16(e§ey +ee. - €6,- eﬁyey) (10)

This study makes use of the Mooney-Rivlin hyperelastic strain-energy
density model. Accordingly, the strain invariants within the framework of the
Mooney-Rivlin hyperelastic strain-energy density model can be used to model
strain energy of an incompressible hyperelastic nanocomposite plate based
on Eq. (2) as [55]:

W= Ci(l:1-3) + CAlz2-3) (11)
in which i and ( stand material coefficients of Mooney-Rivlin hyperelastic
model. The hyperelastic material parameters ¢; and ; used in the strain
energy function (Eq. 11) are those determined experimentally in Section 4.1
(Table 1).

Considering the nonzero strain fields, the variation of the potential

energy of the plate can be expressed as:



aPE = {86C, (2¢, +e, - 26 +8e.e, +4e,*- 68, )
18C, (2e, +e, +20e,6, +10€’ - 10, )ick

X

+66C, (26, +e, - 2€2 +4¢2 +8e.e, - 66 ) a2
18C, (2e, +e, +10€ +20e,6, - 10, )ilck,

+g'12C1(eXy - 6e,e, - 6ee,)
+166, (e, - 8e,8, - 86,8, )ik, oAk

Additionally, the kinetic energy of the hyperelastic nanocomposite plate

with a concentrated mass (Mpass) iS:
1 N 7 2 2 \
T=§Qrg(ut-zth) Hv,- 2w,.) +ngdl/ .
1w , N
TS QQM s 8+ ARV - Vs )X - 6 ) ey
where p is the density of the nanocomposite plate.

Assuming that the plate is subjected tc an external concentrated force,

F, the external work done by the applied force is:

W, =QQFO(Y~ Vi) A~ o)l (14)

Given the strain energy, kinetic energy, and work done by external
forces, Hamilton's principle is employed to derive the governing equations of

motion. Hamilton's principle is stated as [56, 57]:
aQy (T~ U+, )at =0 (15)

By applying Hamilton’s principle and performing the mathematical
derivations, the following nonlinear coupled equations of motion for the GPL-

reinforced hyperelastic nanocomposite plate are obtained:
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The equations of motion of the hyperelastic nanocomposite plate
obtained by neglecting Poisson’s effect and the deformation in the y-direction
are identical to those reported by Khaniki et al. [51]. The derived equations

are validated by this correspondence.

3.2 Non-dimensionalization of Equations of Motion
To solve the coupled nonlinear equations of motion of the hyperelastic

nanocomposite plate, the following non-dimensional parameters are defined:

=X s s Sies e K Vi
eSS a ' 7 mess b ' “*Force a ' 7 Force b ’
> =£’V* =K,W* =K,u* =£,A1—C1, _ 3, +4G, M _M_m’
h o h h G, rA
poBp B 18GHC 24C +70C, , _12G +70C (19)
o =5 =5 C, C, c,

F*_Fasz’/= ﬂ’ t* =[ﬁ Q’
CH ‘\/ G, ab\ r,

Substituting the above non-dimensional parameters into the equations
of motion (16)-(18), the equations of motion in terms of non-dimensional

parameters are obtained as:
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3.3 Solution Methodology

The Galerkin method was adopted because of its computational
simplicity and accuracy, as further confirmed by the good agreement
between the present results and the reference data [58, 59]. For the
rectangular plate considered in this study, fully clamped edges are assumed,
and the corresponding geometric boundary conditions are:

u=v=w=0, W_0 x=01(23a)
I

1

u=v=w=0, ¥=0, y=01 (23b)
1%

It should be noted that the admissible functions and Galerkin coefficients
used in the present formulation are constructed for the fully clamped
boundary condition. Other boundary conditions would require different
admissible functions and recalculation of the corresponding modal mass,

stiffness, and nonlinear coefficients. Therefore, the present results should be



interpreted specifically for fully clamped GPL-reinforced hyperelastic plates.
In the Galerkin method, the displacements are written as modal expansions:

Uxy =8 80,07, ,(») 4a)

/A j4

Ux x1) =§ é’{ V; (6)f,(Xy (1) (24b)

i j4

xx)=a 8 W (0% (97 () 240

For the in-plane displacements u and v, only the zero-displacement
condition at the plate boundaries must be satisfied. For the transverse
displacement w, the clamped-mode shape function is employed to satisfy both

the zero deflection and zero slope boundary conditions. Consequently:
f,(x)=sin(jpx), (25)
y,;(y)=sin(jpy). (26)

cosh(b,)- cos(6,)

X (X =cosh(bX)- cos(b0)- S T2y

&inh(5,4)- sin(bX)g, (27)

). fosh(bj)- cos(b.)

J

)ﬂ-(J/) =C°5h(b/y)' Coc’(hfh sinh(b-)- sin(b-)
J J

&inh(b,1)- sin(b,1)4 (28)

After substituting the series expansions (25)-(28) into the
non-dimensional governing equations (20)-(22) and applying the Galerkin
method, the nonlinear partial differential equations are reduced to a set of
nonlinear ordinary differential equations. These can be written in the

following compact matrix form:

M X+CX+K , X +K , (X)X =F(8 (29)

where X=[U V W]T is the vector of unknown time-dependent generalized
coordinates, with U=[Un1, Ura,..., UnnIT, V=[V11, Vi2,..., Vanl7,

W=[ W1, Wia,..., WanlT. M is the mass matrix, including the effect of a

concentrated mass if present. The damping term CX is introduced as a

phenomenological linear viscous damping term. In the reduced one-term



transverse equation used in the present simulations, this damping
contribution appears as c#*, where c is a constant modal viscous damping
coefficient [60, 61]. This damping term represents lumped structural energy
dissipation and is not treated as a nonlinear, viscoelastic, frequency-
dependent, amplitude-dependent, temperature-dependent, or GPL-content-
dependent quantity in the present study. Kp is the linear stiffness matrix.
Kxyz(X) is the nonlinear stiffness matrix, which depends on the solution X, and
F(?) is the external force vector.

In the reduced equations, damping is retained only as a linear viscous
modal damping term in the transverse generalized coordinate, represented
by c#*. By retaining only one term in the Galerkin series expansions, the
discretized equations of motion are reduced to the following set of nonlinear
ordinary differential equations:

M 84K, U +K,,V+K, U +K, UV

_ (30)
+KNL13 '/2 -l_/(NL14’/’/2 -'_/(NL15IJ’/’/2 +K’VL16 Ya +KNL17VV4 =O’
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M B84+ K WA Ky s U A Ky VWK U W

oy (32)
+ Ky gUWW K, VWK (WP + K 5 UWP + K, VWP +K WP = Fcos(Qi),

3.4 Numerical Solution and Analysis

To solve the set of nonlinear ordinary differential equations resulting
from the Galerkin discretization, the well-established fourth-order Runge-
Kutta method is employed. This explicit time-integration scheme is widely
used for nonlinear dynamic systems due to its high accuracy, numerical
stability, and ease of implementation. Unlike implicit methods, the Runge-
Kutta method does not require the solution of a system of nonlinear algebraic
equations at each time step, making it particularly efficient for obtaining
time-history responses, phase-plane trajectories, and Poincaré maps.
Furthermore, its fourth-order accuracy ensures reliable capturing of the

nonlinear characteristics—such as hardening/softening behavior and



frequency shifts—without introducing excessive numerical damping. A
convergence study was performed to select an appropriate time step,
ensuring that the results are independent of the step size.

The frequency-response curves and bifurcation characteristics of the
reduced nonlinear dynamical system were computed using the numerical
continuation and bifurcation analysis package AUTO [62]. Periodic solutions
were obtained using a pseudo-arclength continuation scheme, which allows
both stable and unstable solution branches to be followed through turning
points and bifurcations. In AUTO, periodic orbits were discretized using
orthogonal collocation on finite elements with adaptive mesh refinement. In
the present simulations, each periodic solution was represented using
NTST=50 mesh intervals with NCOL=4 collocation points per interval, which
was verified to provide mesh-independent results.

The continuation process was initiated from a small-amplitude periodic
solution near the primary resonance obtainea from time-domain simulations.
The step size was adaptively contrciled with an initial continuation step
(DS=10-3), maximum step size (DSMAX=104%), and minimum step size
(DSMIN=10%). The convergence tolerances for the Newton iterations were
specified as (EPSL=10%) and (EPSU=10-8), while the residual tolerance was
set to (EPS=107).

During continuation, the excitation frequency was treated as the
principal continuation parameter. The stability of the computed periodic
solutions was determined by evaluating the corresponding Floquet
multipliers automatically provided by AUTO, enabling a clear identification
of stable and unstable branches of the frequency-response curves as well as
the detection of bifurcation points such as saddle-node and period-doubling
bifurcations. Additional mesh refinement tests were also conducted to ensure
that the obtained solutions were independent of the discretization

parameters.

4. Results and Discussion



Motivated by the need to understand how GPL-induced material
nonlinearity influences the dynamic performance of compliant polymer
plates, this section first presents the experimentally determined mechanical
properties and Mooney-Rivlin constants of the GPL-epoxy nanocomposites.
The subsequent vibration analyses are then organized to clarify the scientific
mechanisms governing resonance shift, amplitude variation, mass sensitivity,
and the transition between softening- and hardening-type nonlinear

responses.

4.1 Hyperelastic Material Constants

Tensile tests were performed on nanocomposite specimens reinforced
with six different GPL weight fractions: 0, 0.2, 0.4, 0.6, 0.8, and 1 wt.%. The
resulting tensile stress-strain curves for the nanocoinposites with different
GPL weight fractions are shown in Figure 5a. As observed, the elastic
modulus of the nanocomposite increases with increasing GPLs weight
fraction. Furthermore, the yield strength and ultimate tensile strength of the
nanocomposites also exhibit an increasing trend with increasing weight
fraction up to 0.8 wt.%, after which they decrease. Because the addition of
GPLs causes the matrix behavior to become more brittle, the fracture strain
of the nanocomposite specimens is expected to decrease with increasing
GPLs weight fraction, and this downward trend in fracture strain is clearly
observed in Figure 5a. Figure 5a shows that the sample containing 0.8 wt.%
GPLs has the highest ultimate tensile strength. When the GPL concentration
is increased to 1.0 wt.%, the nanocomposite remains stronger than pure
epoxy; however, its ultimate tensile strength and fracture strain decrease.
This trend is attributed to GPL agglomeration at higher weight fractions,
which produces local stress concentration zones, reduces effective load
transfer, promotes premature damage initiation, and consequently lowers the
structural reliability of the nanocomposite. Therefore, 0.8 wt.% GPLs can be
regarded as the optimum concentration from the tensile-strength viewpoint,

because it provides the highest ultimate tensile strength; however, this



mechanical optimum should be distinguished from the vibration-performance
optimum, which is mainly governed by effective stiffness. While lower weight
fractions (0.2% to 0.6%) result in a gradual increase in strength compared to
pure epoxy, a reduction in fracture strain and ultimate tensile stress is
observed at higher weight fractions (1.0 wt.%). Figure 5b shows images of
the standard tensile test specimens after performing the corresponding test.
Based on the fracture morphology of the tensile specimens, the samples
exhibit brittle-type fracture, which is consistent with their stress-strain

response.
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Figure 5: (a) Tensile stress-strain curves of epoxy nanocomposite
reinforced with GPLs, (b) standard tensile test specimens of nanocomposite

after direct tensile testing.

Figure 6 shows microscopic images of the fracture surface of the GPLs-
reinforced nanocomposite. The SEM images indicate that, at suitable GPL
contents, the graphene layers are effectively separated and dispersed within
the epoxy matrix. At 0.8 wt.% GPLs, the graphene layers appear more
effectively separated and distributed within the epoxy matrix, which
improves interfacial load transfer; however, at 1.0 wt.% GPLs, agglomerated
regions are observed, and these clusters act as stress concentration sites that
reduce reinforcement efficiency, tensile strength, and fracture strain. The
SEM observations provide microstructural support foi the mechanical trends
obtained from the tensile tests. At 0.8 wt.% GPLs, ithe graphene layers are
more effectively separated and distributed within the epoxy matrix, which
promotes interfacial load transfer and improves the reinforcing efficiency of
the nanoplatelets. However, when the GPL content is increased to 1.0 wt.%,
agglomerated regions become moie evident. These agglomerates behave as
local defects and stress concentration sites, reducing the efficiency of stress
transfer from the matrix to the nanoplatelets and contributing to the observed
reduction in ulfimate tensile strength and fracture strain. This
microstructural evidence confirms that the mechanical properties of GPL-
reinforced nanocomposites are governed not only by the filler content, but

also by the quality of nanoparticle dispersion.
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Figure 6: Microscopic images of the fracture surface of the reinforced
nanocomposite sample: (a) 0.8 wt.% GPLs, and (b) 1 wt.% GPLs.

Agglomerated regions are marked with red circles and arrows for clarity.

In this study, the Mooney-Rivlin hyperelastic model coefficients were
extracted to characterize the nonlinear mechanical behavior of epoxy
nanocomposites reinforced with GPLs. Direct tensile tests were performed
on pure epoxy and GPL-reinforced epoxy specimens with different GPL
weight fractions. The experimentally measured stress-strain curves were
used as the input data for identifying the Mooney-Rivlin constants C; and G,.
For each GPL concentration, the experimental strain data were first
converted into the stretch ratio A=1+¢ and the corresponding stress
response was fitted to the uniaxial Mooney-Rivlin stress relation using a
nonlinear least-squares procedure. This fitting minimized the difference
between the measured tensile stress and the stress predicted by the
hyperelastic model over the experimental strain range. The calibrated
constants were then directly used in the strain-energy density function of the
plate and consequently in the nonlinear vibration equations. Therefore,
tensile testing contributes to accurate modelling by ensuring that the

material parameters used in the vibration analysis reflect the actual



nonlinear stress-strain response of the fabricated GPL-epoxy
nanocomposites, rather than assumed or idealized material properties. The
material constants C; and C, were obtained by minimizing the following least-

squares error function:
4, .
mnCerZ a Ssexp(/k)' SMR(//(;CPCZ)HZ (33)
k=

where 0eyxp is the experimentally measured tensile stress and oumgr is the stress
predicted by the Mooney-Rivlin model. The optimized constants were then
directly introduced into the strain-energy density function of the plate. In this
way, the vibration model incorporates the real nonlinear material behaviour
of the GPL-epoxy nanocomposite, including the influence of GPL dispersion,
stiffness enhancement, and possible agglomeration at higher filler contents.
This experimentally calibrated procedure is more accurate than using
assumed hyperelastic constants or equivalent linear elastic properties,
because it transfers the measured mafernal response directly into the
nonlinear governing equations.

Figure 7 compares the experimental stress-strain data of the
nanocomposite containing 0.2 wt.% GPLs with the predictions of three
commonly used hyperelastic models: Neo-Hookean, Mooney-Rivlin, and
Ogden. The experimental curve shows a clear nonlinear response with
gradual strain stiffening, which is characteristic of particle-reinforced
polymer nanocomposites. Among the three models, the Mooney-Rivlin
formulation provides the closest overall agreement with the experimental
stress-strain data over the investigated strain range. This improved
agreement is attributed to its two-parameter structure, in which
represents the initial stiffness contribution and C, accounts for the shear-
sensitive nonlinear contribution associated with the second strain invariant.
The Neo-Hookean model gives acceptable predictions only at small strains,
but it progressively underestimates the stress at higher strains because its
one-parameter form cannot adequately capture strain-induced stiffening. The

Ogden model is more flexible; however, for the available uniaxial tensile



dataset, its additional parameters do not provide a clear improvement over
the Mooney-Rivlin model and may increase the risk of non-unique parameter
identification. Therefore, the Mooney-Rivlin model was selected because it
provides the best compromise between experimental fitting accuracy,
physical interpretability, robust parameter identification, and computational
tractability. The experimentally identified Mooney-Rivlin coefficients, ¢} and
(», are listed in Table 1 and were subsequently used in the strain-energy
density function and nonlinear vibration analysis of the GPL-reinforced

polymer plate.
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Figure 7: Comparison of experimental stress-strain data for the
nanocomposite containing 0.2 wt.% GPLs with predictions from the

Neo-Hookean, Mooney-Rivlin, and Ogden hyperelastic models.

Table 1: Mooney-Rivlin model coefficients for epoxy reinforced with GPLs.

Coefficient
Material
C1 (GPa) C, (GPa)
Pure epoxy 3.5115 -3.3825
Epoxy+0.2 wt.% 4.8243 -4.6783

GPLs



Epoxy+0.4 wt.% 5.3990 -5.1973
GPLs

Epoxy+0.6 wt.% 6.7296 -6.5715
GPLs

Epoxy+0.8 wt.% 7.8675 -7.5567
GPLs

Epoxy+1.0 wt.% 8.6457 -8.4619
GPLs

4.2 Vibration Analysis

The nonlinear dynamic response of GPL-R hyperelastic plates is
examined in this section. Nonlinear analysis is essential for comprehending
the mechanical response of polymeric nanocomposite hyperelastic structures
under a variety of circumstances because these structures' nonlinear
mechanical properties are exacerbated by ihe high strains brought on by
their soft behavior. Validating the approach and solution process used is the
first step in this section. The significance of taking coupled motion into
account and the impact of different parameters on the nonlinear response are
then examined.

To investigate the dynamic behavior of the structure, the following
properties are considered: a= 200 mm, 2 = 10 mm, » = 100 mm, p = 1150
kg/m 3, Fy = 50 N. The hyperelastic properties for the different
nanocomposites are taken from Table 1. The concentrated mass M, iS
attached at the point (x;ass, Vmass)=(0.5, 0.5), i.e., the geometric center of the
plate. The harmonic concentrated force F{(¢) is applied at the same location
(Xforces Veorce)=(0.5, 0.5) to excite the fundamental mode symmetrically. These
positions remain fixed throughout all numerical simulations presented in this

study.

4.2.1 Validation and Convergence
To validate the current procedure, two distinct methods are employed.

First, the constants are selected to match the mechanical and physical



properties used in reference [63]. In that reference, the vibrational behavior
was studied using Mooney-Rivlin hyperelastic constants of i1 = 25.829 kPa
and > = 649.612 MPa. Considering the first two terms of the assumed
solution series and the first two Galerkin terms (M = 2), the frequency-
response curve of the structure is obtained, as shown in Figure 8. As can be
seen, the results demonstrate excellent agreement with reference [63],
validating the accuracy of present approach.

Furthermore, the convergence of the current methodology is analyzed
by increasing the total number of modes (the number of terms in the Galerkin
method). For this purpose, the hyperelastic nanocomposite plate is modeled
using the properties given at the beginning of this section for the 0.6 wt.%
GPL-containing nanocomposite and F=0.1Fy. As shown in Figure 9, by
increasing the number of modes from 5 to 15, convergence is achieved after

considering ten modes, and this number of modes will be used in this study.
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Figure 8: Comparison of the frequency-response curve for an isotropic

hyperelastic plate with results from the literature.
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Figure 9: Effect of the number of Galerkin terms on the convergence of the
nonlinear frequency response of the 0.6 wt.% GPL-containing

nanocomposite plate.

4.2.2 Effect of Hyperelastic Constitutive Assumption

Linear elastic models are insufficient for the present GPL-reinforced
polymer plates because they assume a constant stiffness and a proportional
stress-strain relation, wherecas the experimentally observed response of the
nanocomposite is nonlinear and its tangent stiffness evolves with strain. In
other words, the reiationship between stress and strain is nonlinear, which
diminishes the precision of linear models in predicting mechanical behavior
due to their simplified assumptions. This section examines results obtained
using both elastic and hyperelastic plate theories. To enable comparison, an
equivalent Young's modulus is used for the elastic plate theory. The effective
Young's modulus of the nanocomposite is obtained from the strain energy as

follows:

_Tw
Ear =42 (40)

Figure 10 compares the time-domain response of free and forced
vibrations of a nanocomposite plate with 0.2 wt.% GPLs for both elastic and

hyperelastic models, with Mp,5s=0.1 and Fo = 0.2. The maximum oscillation



amplitude obtained from the elastic model is 1.19, while the hyperelastic
model yields 0.92. The hyperelastic model predicts a maximum oscillation
amplitude that is 22.7% lower. This reduction indicates that the deformation-
dependent tangent stiffness captured by the hyperelastic formulation
modifies the nonlinear restoring force and reduces the predicted large-
amplitude dynamic response compared with the constant-stiffness linear
elastic approximation. The discrepancy between the linear elastic and
hyperelastic predictions becomes more pronounced as the vibration
amplitude increases. This is because the linear elastic model uses a constant
equivalent Young’s modulus and therefore represents only a local small-strain
approximation of the actual material response. It cannot update the tangent
stiffness as deformation evolves and cannot account for the nonlinear strain-
energy contributions associated with the Mooney-Rivlin invariants. As a
result, it neglects the material part of the nonlinear restoring force and
retains only the simplified elastic stiffness contribution. The hyperelastic
model, on the other hand, captures the deformation-dependent stiffness of
the GPL-reinforced polymer and its coupling with geometric nonlinearity
caused by membrane stretching. For the 0.2 wt.% GPL-reinforced plate
considered in Fig. 10, the maximum vibration amplitude predicted by the
linear elastic model is 1.19, whereas the hyperelastic model predicts 0.92,
corresponding to a 22.7% reduction. This difference demonstrates that the
linear elastic model overestimates the large-amplitude response and may
lead to inaccurate predictions of resonance amplitude, frequency shift, and
nonlinear stability characteristics. These results demonstrate that a full
hyperelastic constitutive description is necessary for accurately predicting
large-amplitude vibrations of GPL-reinforced polymer plates, particularly
when resonance amplitude, frequency shift, jump phenomena, and softening-

to-hardening transitions are of interest.
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Figure 10: Time-domain response of (a) free and (b) forced vibrations of a
nanocomposite plate containing 0.2 wt.% GPLs for My ,ss=0.1 and Fo = 0.2,

comparing elastic and hyperelastic models.

From a design perspective, the use of a linear elastic model may
introduce significant errors in predicting the vibration behavior of GPL-
reinforced polymer plates. For the case shown in Fig. 10, corresponding to
the 0.2 wt.% GPL-reinforced plate with M,,5s=0.1 and F=0.2, the maximum
vibration amplitude predicted by the linear elastic model is 1.19, whereas the
hyperelastic model predicts 0.92. Thus, if the hyperelastic prediction is

considered as the more representative response because it incorporates the



experimentally calibrated nonlinear material behavior, the linear model
overestimates the maximum amplitude by approximately 29.3%.
Equivalently, the hyperelastic prediction is 22.7% lower than the linear
elastic prediction when the linear result is used as the reference. This
discrepancy arises because the linear model employs a constant equivalent
Young’s modulus and cannot update the tangent stiffness as the deformation
amplitude increases. Therefore, the error is expected to become more
pronounced under large-amplitude vibration. In addition to amplitude
overprediction, the linear model may also misrepresent the resonance
location, frequency-response curvature, jump phenomena, and stability
characteristics because it cannot capture the competing effects of Mooney-
Rivlin material nonlinearity and von Karman geometric nonlinearity. Hence,
using a linear model in design may lead to inaccurate estimation of vibration
levels, inappropriate selection of GPL content, and unreliable prediction of
nonlinear resonance and stability margins

A summary of the possible design errors is provided in Table 2. Table 2
shows that the most direct error caused by using a linear elastic model is the
overestimation of the maximumn vibration amplitude. In the studied case, the
error reaches 29.3% whern the hyperelastic result is used as the reference.
However, the design error is broader than this single numerical difference.
The linear model replaces the actual nonlinear material response with a
constant equivalent stiffness and therefore cannot represent the evolution of
tangent stiffness with deformation. As a result, it may predict an incorrect
resonance location and cannot properly reproduce the curvature of the

nonlinear frequency-response curve.

Table 2: Possible design errors caused by using a linear elastic model instead of

the hyperelastic model.

Predicted Possible error when using a

quantity linear model Justification
Saximum Overestimation of amplitude; The linear model assumes constant
vibration 29.3% error for the 0.2 wt.%

amplitude GPL case studied in Fig. 10 stiffness, while the hyperelastic




Predicted Possible error when using a

quantity linear model Justification
model captures deformation-
dependent tangent stiffness
Resonance Incorrect prediction of Linear stiffness does not vary with
frequency resonance location vibration amplitude
. . Mooney-Rivlin material nonlinearity
Failure to capture nonlinear L .
Frequency- and von Karman geometric

curvature of the response

response curve
p branch

nonlinearity are not simultaneously
represented

Jump and Possible omission or The linear model cannot reproduce
multi-stability . L nonlinear branch bending and

. inaccurate prediction 1k
regions stability changes

The transition depends on the

Softening-to- Misclassification of nonlinear competition between material-

hardgmng response regime induced softening and geometry-
transition . .

induced hardening

The influence of GPL concentration
GPL-content Inaccurate selection of on C;, G, resonance shift, and
design reinforcement level amplitude reduction is not captured

by a purely linear model

4.2.3 Mass Sensitivity Analysis

In this subsection, the mass sensitivity of the hyperelastic
nanocomposite plate is analyzed using hyperelastic plate theory. The added
mass is small compared to the overall dimensions of the hyperelastic
nanocomposite plate. Figure 11 illustrates the nonlinear behavior of
hyperelastic nanocomposite for various values of Mpyass. As observed,
increasing the concentrated mass shifts the maximum vibration amplitude to
lower frequencies and makes the nonlinear hardening behavior more
pronounced. The results indicate that, in the absence of a concentrated mass,
the system exhibits softening behavior, and the natural frequency decreases
with increasing vibration amplitude. With the addition of a concentrated
mass, the frequency corresponding to the maximum vibration amplitude
shifts to lower values. In addition, as the concentrated mass increases, the
nonlinear behavior of the system in the hardening region becomes more
pronounced. Specifically, the numerical data show that, in the absence of a

concentrated mass, the maximum vibration amplitude is 0.12, while with the



addition of a concentrated mass My ,ss=0.2, this value increases to 0.23,
representing an increase of approximately 95% in the maximum oscillation
amplitude of the system. This 95% increase in amplitude reflects the
significant role of the concentrated mass in altering the dynamic response of
the system. From a physical point of view, the addition of a concentrated mass
leads to an increase in the inertial force and increases the energy stored in
the system, which results in an increase in the amplitude of oscillations and
a change in the nonlinear behavior of the structure. These changes have a
direct impact on the design and performance of dynamic systems affected by
nonlinear loads.

The frequency-amplitude curves in Fig. 11 reveal two key nonlinear
phenomena that deserve physical explanation. First, the system exhibits a
transition from softening to hardening behavior as the concentrated mass
increases. This stiffness evolution originates froin the competition between
two nonlinear mechanisms: geometric nonlinearity induced by large
deflections (which typically produces hardening due to membrane stretching)
and material nonlinearity inherent to the hyperelastic constitutive law (which
can introduce softening depending on the strain energy function). In the
absence of a concenirated mass, the material nonlinearity dominates at
moderate amplitudes, leading to a softening response—i.e., a decrease in the
effective natural frequency with increasing vibration amplitude. As the
concentrated mass increases, the inertial forces amplify the membrane
stretching effect, gradually shifting the balance toward a hardening regime
where the frequency increases with amplitude.

Second, the initial softening observed for the clamped plate—even
without an added mass—can be attributed to the specific form of the Mooney-
Rivlin strain energy function employed. For this material model, the second
invariant 4~ contributes terms that can reduce the effective stiffness under
certain deformation patterns, particularly those involving significant shear or
twist near the clamped boundaries. At low to moderate amplitudes, these

boundary-layer effects dominate the response, producing a net softening.



Only when the amplitude becomes sufficiently large—or when an added mass
enhances the membrane action—does the geometric hardening prevail. This
interplay between material-induced softening and geometry-induced
hardening is a characteristic feature of hyperelastic plates and underscores
the importance of using a full nonlinear constitutive model rather than an

equivalent linear approximation.
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Figure 11: Nonlinear frequency response function illustrating the mass

sensitivity of the hyperelastic plate for various values of My ags.

It should be noted that all results presented herein correspond to the
concentrated mass placed at the plate center. The mass location is known to
affect modal participation factors and may alter the observed nonlinear
behavior, particularly the softening-to-hardening transition. A systematic
investigation of mass position effects, while beyond the scope of the present

study, represents a valuable direction for future work.

4.2.4 Influence of Hyperelastic Material Parameters

The Mooney-Rivlin hyperelastic model, with stiffness coefficients ¢} and
(, is used to define the strain-energy density of the nanocomposite plate. This
section will examine the impact of the Mooney-Rivlin coefficients on the

nonlinear response of the nanocomposite plate reinforced with 0.2 wt.% GPLs



in order to illustrate the significance of appropriately defining the values of
these coefficients.

Figure 12 illustrates the effect of the Mooney-Rivlin parameters ¢} and
C, on the nonlinear frequency-response of the nanocomposite plate
containing 0.2 wt.% GPLs. As shown in Figure 12(a), increasing C; enhances
the distortion of the frequency-response curve, shifting the system toward a
more pronounced hardening behavior. Physically, C; is associated with the
initial shear modulus and governs the material's resistance to deformation at
moderate strains. An increase in C; elevates the effective stiffness of the
material, which amplifies the geometric nonlinearity arising from membrane
stretching and leads to a more prominent hardening response. Concurrently,
the maximum oscillation amplitude decreases, as a stiffer material undergoes
smaller deformations under the same external excitation. The peak of the
frequency-response also shifts to higher frequencies, reflecting the increase
in natural frequency due to the enhanced stifiness.

Figure 12(b) depicts the influence of the second parameter ;. Unlike
C1, which dominates the response at small to moderate strains, ¢, is primarily
sensitive to shear deformations and becomes more influential in regions with
high strain gradients—such as near the clamped boundaries or in the vicinity
of the concentrated mass. Increasing , intensifies the contribution of the
second invariant 7 to the strain-energy density, which can locally reduce the
effective stiffness under certain deformation patterns. This results in a more
complex nonlinear response, where the softening effects near the boundaries
compete with the global hardening induced by membrane action. For the
material investigated in this study, the value of , is significantly larger than
C1, making its influence on the overall dynamic behavior particularly
pronounced. This explains the observed sensitivity of the frequency-response
curves to variations in ,, as well as the enhanced nonlinear distortion

compared to materials with lower C, values.
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The sensitivity of the nonlinear frequency response to variations in Ci
and (> was quantified by computing the percentage change in resonant
frequency and peak amplitude for +20% variations in each parameter. A 20%
increase in Ci results in an approximate 8% increase in resonant frequency
and a 12% reduction in peak amplitude. The same relative increase in
produces a more modest 3% frequency shift but a 15% change in the
curvature of the frequency-response curve, reflecting its role in shaping
nonlinear distortion rather than linear stiffness. The observed sensitivity of
vibration characteristics to ¢i and : provides practical design insights. For
applications requiring high resonant frequencies and low vibration
amplitudes (e.g., precision instruments), formulations with higher Ci are
desirable. Conversely, if controlled nonlinearity or energy dissipation is
sought (e.g., vibration isolators), tailoring C> through GPL concentration and
dispersion offers a tuning mechanism. The experimentally established
relationship between GPL content and Mooney-Rivlin constants thus enables
the rational design of nanocomposiie plates with targeted dynamic

performance.

4.2.5 Effect of GPL-reinf¢ércement

This section investigates the effect of GPL reinforcement on the
nonlinear vibrational behavior of the nanocomposite plate. The presence of
GPLs in the polymer matrix leads to a change in the mechanical properties,
particularly an increase in the effective Young's modulus and improved
material stiffness. As a result, these changes affect the dynamic
characteristics of the system, including the frequency-response function.
Figure 13 illustrates the effect of GPL concentration on the nonlinear
frequency-response of the hyperelastic nanocomposite plate. As the GPL
content increases, two distinct phenomena are observed: a reduction in the
maximum vibration amplitude and a progressive shift from softening-type to

hardening-type behavior.



The reduction in vibration amplitude with increasing GPL concentration
can be attributed to two complementary mechanisms. First, the incorporation
of GPLs enhances the effective stiffness of the polymer matrix by restricting
molecular chain mobility and increasing the cross-link density, which elevates
the strain energy required for a given deformation. Second, the large specific
surface area of GPLs may promote interfacial friction and additional energy-
dissipation mechanisms at the polymer-nanoparticle interfaces. However, in
the present vibration model, damping is represented by a constant linear
viscous modal coefficient and is not independently calibrated as a GPL-
content-dependent material property. Together, these mechanisms lead to
greater energy absorption within the structure and consequently lower
dynamic deformations under external excitation.

The transition from softening to hardening behavior with increasing GPL
content arises from the competition between material nonlinearity and
geometric nonlinearity. In pure epoxy (0 wt.% GPLs), the frequency-response
curve exhibits a softening-type behavior, which is characteristic of the
Mooney-Rivlin hyperelastic model employed. This softening originates from
the contribution of the second invariant 4 to the strain-energy density, which
can reduce the effective stiffness under deformation patterns involving
significant shear--particularly near the clamped boundaries. As GPLs are
introduced and their concentration increases, the enhanced stiffness
amplifies the membrane stretching effects (geometric nonlinearity) at larger
amplitudes. At low to moderate GPL contents (0.2-0.4 wt.%), the material
nonlinearity still dominates, and the response remains predominantly
softening. However, at higher concentrations (0.6-1.0 wt.%), the geometric
hardening effect becomes sufficiently strong to overcome the material-
induced softening, resulting in a net hardening behavior.

The emergence of more pronounced jump phenomena and multi-stability
regions at higher GPL concentrations reflects the increased complexity of the
nonlinear dynamic interactions. These phenomena indicate that the system's

response becomes more sensitive to initial conditions and excitation



parameters as the stiffness and energy dissipation characteristics are altered
by the nanoparticles. From a design perspective, this sensitivity can be
exploited to tailor the vibration isolation and energy absorption properties of
the structure. The shift toward hardening behavior at higher GPL contents
implies that the structure becomes more resistant to large-amplitude
vibrations, which is advantageous for applications requiring dimensional

stability and fatigue resistance under dynamic loads.
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Figure 13: Effect of GPL concentration on the nonlinear frequency-

amplitude response curve of the hyperelastic nanocomposite plate.

The transition from softening to hardening behavior with increasing GPL
concentration is directly linked to the evolution of the Mooney-Rivlin
constants C; and &, (Table 1). Physically, C1 governs the initial shear modulus
and small-strain stiffness; its increase with GPL content reflects matrix
stiffening due to restricted polymer chain mobility, which amplifies geometric
nonlinearity (membrane stretching) at larger amplitudes and promotes
hardening. In contrast, ¢, weights the second invariant 5, which captures
shear-dominated deformations. In pure epoxy, the relatively large &
contribution reduces effective stiffness under shear, particularly near

clamped boundaries, producing the observed softening response.



As GPL content increases, both constants rise, but their absolute
magnitudes—rather than their ratio—dictate the net nonlinear behavior.
From 0 to 1.0 wt.% GPLs, C; increases by 146% and C, by 150%. Despite
proportional growth, the two constants govern different deformation
regimes: at low amplitudes, bending-induced shear near boundaries makes
(C)-driven softening dominant; at higher amplitudes, membrane stretching
activates (j-driven hardening. With enhanced ¢; at higher GPL
concentrations, the hardening mechanism prevails at lower amplitudes,
shifting the response from softening to hardening. Thus, the gradual
transition in Figure 13 reflects the increasing predominance of Cj-induced
geometric stiffening over (,-induced material softening as GPL content rises.
A concise summary of the physical mechanisms governing the transition from
softening to hardening behavior with increasing GPL concentration is

provided in Table 3.

Table 3: Physical interpretation of the softening-to-hardening transition

with GPL concentration.

GPL C, Effect

Content (Geometric G, Effect Net Nonlinear
(Wt.%) Hardening) (Material Softening) Behavior
0 (pure Significant relative to C3; Softening (material
e (]?x ) Low (C1=3.51 GPa) /A-induced softening near nonlinearity
poxy boundaries dominates)
0.2-0.4 Moderate increase Still appreciable F(Fsrc?frtl(i:ilr?gzﬁersists)
Large increase (up Increased but outweighed ?Zii?g’ic?i%
0.6-1.0  t08.65GPaat1.0 7~ g AR
wt.%) y C1 nonlinearity
) dominates)

Table 4 shows the effect of GPL concentration on the resonant frequency
and maximum vibration amplitude for Fo = 0.3. The results presented in Table
4 show that, within the investigated range, the resonant frequency increases
monotonically with GPL concentration, reaching its maximum value at 1.0

wt.% GPLs; however, this vibration-performance improvement should be



interpreted together with the reduction in tensile strength and fracture strain
observed beyond 0.8 wt.% GPLs. This increase in frequency is due to an
increase in the equivalent stiffness of the system resulting from the presence
of graphene nanoparticles and improved effective Young's modulus of the
nanocomposite, which increases the flexural stiffness and consequently
increases the natural frequency. In addition, as the GPL content increases,
the maximum vibration amplitude decreases, and at the highest value (1.0
wt.% GPLs) this decrease reaches 50%. This trend indicates that GPL
reinforcement can reduce the dynamic deformation of the system by
increasing the effective stiffness and modifying the energy-storage
characteristics of the nanocomposite. At low GPL concentrations (e.g., 0.2
wt.%), the nonlinear behavior of the system is still noticeable, but with further
increases in nanoparticles, the system hardening is intensified and the
frequency-response curve shifts to higher frequencies. Although the 1.0 wt.%
GPL plate exhibits the highest resonant frequency and the lowest vibration
amplitude in the present vibration analysis, the tensile results indicate that
this concentration is beyond the mechanical-strength optimum. Therefore,
the design of GPL-reinforced polymer plates should consider a trade-off
between stiffness-controlied vibration improvement and agglomeration-
induced reductions in strength, fracture strain, and structural reliability.

In vibration analysis, the natural frequency is more dependent on the
stiffness and density of the structure than on the yield strength. Even if
increasing GPLs reduces the yield strength, the frequency will still increase
if its effect on increasing the Young modulus and effective stiffness is greater.
This is quite noticeable for the nanocomposite sample containing 1 wt.%
GPLs. Therefore, the key factor in increasing the natural frequency is the
increase in flexural stiffness and effective Young's modulus due to the
presence of graphene nanoparticles, which can affect the vibration behavior,
even if a decrease in yield strength is observed.

It should be emphasized that the optimum GPL content depends on the

design criterion considered. The value of approximately 0.8 wt.% represents



the optimum concentration for tensile strength, as the ultimate tensile
strength increases up to this concentration and then decreases at 1.0 wt.%
GPLs. This reduction is associated with the onset of GPL agglomeration,
which creates local stress concentration zones and reduces the reinforcing
efficiency of the nanoplatelets. Therefore, increasing the GPL content beyond
0.8 wt.% can reduce mechanical strength and fracture strain, even though
the effective stiffness of the nanocomposite may continue to increase. From
a structural reliability viewpoint, this implies a higher susceptibility to
premature crack initiation, brittle fracture, and spatial variability in the
material response. In contrast, the vibration response within the present
range continues to benefit from the increased stiffness: the resonant
frequency increases from Q=13.8 at 0.8 wt.% GPLs to Q=15.0 at 1.0 wt.%
GPLs, while the maximum vibration amplitude decreases from Wj,,x=0.12 to
Wnax=0.11. Hence, the 1.0 wt.% GPL plate provides improved stiffness-
controlled vibration characteristics, but at the cost of reduced tensile
reliability. This result indicates that the selection of GPL concentration should
be based on a trade-off between mechanical strength, reliability, and
vibration-performance requirements rather than on stiffness enhancement

alone.

Table 4: Effect of GPL concentration on resonant frequency and maximum

vibration amplitude for £y = 0.3

Resonance Frequency Maximum Amplitude
GPLs Content ) ) ) )
frequency increase vibration reduction
(wt.%) .
Q) (%) amplitude (Wpax) (%)
Pure Epox
POxY 9.5 - 0.22 -
(0.0)
0.2 10.5 10.50% 0.19 13.60%
0.4 11.4 21.10% 0.16 27.30%
0.6 12.7 33.70% 0.14 36.40%
0.8 13.8 45.30% 0.12 45.50%

1 15 57.90% 0.11 50.00%




Figure 14(a) shows the time-domain response of the hyperelastic
nanocomposite plate with 0.4 wt.% GPLs. This response shows the time
evolution of the system oscillations under the applied excitation. The
amplitude of the oscillations and its trend indicate the nonlinear behavior and
the effect of stiffness due to the presence of nanoparticles on the dynamic
response of the plate. In Figure 14(b), the phase-plane trajectory (red line)
and the Poincaré map (blue dots) are presented. The phase-plane trajectory
shows the overall behavior of the system in the phase space (displacement-
velocity) and can identify the characteristics of periodic, chaotic, or quasi-
periodic motion. The presence of discrete points in the Poincaré map
indicates stable periodic behavior, while a wide distribution of points in this
map may indicate chaotic behavior. In this case, observing the blue dots in a
specific pattern indicates that the system's response is likely in a periodic
cycle and exhibits a more regular behavior. These results confirm that GPL
reinforcement modifies the stiffness and vibration characteristics of the plate

and affects the response pattern in both the time and phase domains.
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Figure 14: (a) Time-domain response and (b) phase-plane trajectory (red
line) and Poincaré map (blue dots) of the hyperelastic nanocomposite plate
reinforced with 0.4 wt.% GPLs.

5. Limitations of the Study

Although the present study provides an experimentally calibrated
nonlinear vibration framework for GPL-reinforced hyperelastic polymer
plates, its scope is subject to several limitations. First, the analysis is limited
to fully clamped rectangular plates modeled using the Kirchhoff-Love plate
theory. Therefore, transverse shear deformation effects, which may become
important for moderately thick plates, were not considered. Second, the
material response was represented by an incompressible Mooney-Rivlin
hyperelastic model calibrated from uniaxial tensile tests. Although this model
provided good agreement with the measured ternsile response, additional
experimental loading modes, such as biaxial tension, planar shear, cyclic
loading, and dynamic mechanical testing, could further improve the
calibration and validation of the constitutive law. Third, the GPL-reinforced
polymer was modeled using eifective material properties, and spatially
nonuniform GPL dispersicn, local agglomeration, and orientation-dependent
nanoplatelet effects were not explicitly introduced into the plate model. The
influence of agglomeration was considered only indirectly through the
experimentally measured mechanical properties. Fourth, the GPL
concentration was limited to the experimentally investigated range of 0-1.0
wt.%, and the results should not be extrapolated to higher filler contents
without additional experimental verification. Fifth, the concentrated mass
and harmonic point force were applied at prescribed locations, and the
effects of varying the mass position, force position, plate aspect ratio, and
boundary condition were not systematically examined. Finally, environmental
effects, temperature, humidity, fatigue, long-term viscoelasticity, and direct
experimental validation of the vibration response were outside the scope of

the present work. In addition, the damping term was modeled as a constant



linear viscous modal damping coefficient; possible variations of damping with
GPL concentration, excitation frequency, vibration amplitude, temperature,

or viscoelastic material behavior were not considered.

6. Future Work

The present study can be extended in several directions. First, future
studies may examine other boundary conditions, such as simply supported,
free, and mixed edge constraints, to determine how edge flexibility affects
mode shapes, modal participation, resonance frequencies, nonlinear stiffness
coefficients, and softening-to-hardening transitions. Second, the effects of
varying the locations of the concentrated mass and harmonic point force
should be investigated, because these parameters can alter modal excitation
and nonlinear response branches. Third, direct experimental vibration tests
on GPL-reinforced polymer plates would be wvaluable for validating the
predicted resonance shifts, amplitude reduction, jump phenomena, phase-
plane trajectories, and Poincaré maps. Fourth, the damping model can be
improved by experimentally identifying damping coefficients and by
considering possible dependence on GPL concentration, excitation
frequency, vibration ampilitude, temperature, and viscoelastic material
behavior. Fifth, the present hyperelastic formulation may be extended to
include visco-hyperelasticity, thermal and humidity effects, fatigue, aging,
and long-term service conditions. Sixth, microstructure-informed or
multiscale models could be developed to explicitly account for GPL
dispersion, orientation, and agglomeration instead of representing these
effects only through effective material constants. Finally, the experimentally
calibrated framework may be coupled with optimization and uncertainty-
quantification methods to select GPL concentration, plate geometry, and
loading conditions for balanced mechanical strength, structural reliability,
and nonlinear vibration-control performance.

In addition, vibration-based intelligent diagnosis and prognosis studies

on elevator door systems, hemispherical resonators with mass defects, and



bearing remaining-useful-life prediction show that accurate extraction of
vibration features is increasingly important for reliability assessment and

health monitoring of dynamically loaded mechanical systems [64-66].

7. Conclusion

The forced vibrations of GPL-reinforced nanocomposite plates were
examined in this work. The Mooney-Rivlin hyperelastic model, von Kdrman
geometric nonlinearity, Kirchhoff-Love plate theory, and Hamilton’s principle
were used to derive the coupled equations of motion. The Galerkin method
and numerical solution procedures were used to solve the coupled in-plane
and transverse motion equations. To obtain the hyperelastic properties of the
nanocomposite plate, dumbbell-shaped tensile specimens were fabricated
according to ASTM D638, and tensile tests were performed for different GPL
concentrations. The measured stress-strain curves were then used to identify
the Mooney-Rivlin material constants through curve fitting. The results
obtained from the analyses can be summarized as follows:

1. Effect of hyperelastic medeling: Within the investigated loading and
plate-configuration conditions, the comparison between elastic and
hyperelastic formulations showed that the hyperelastic model predicts
a lower oscillation amplitude and a different nonlinear hardening
tendency than the equivalent linear elastic model. This difference
arises from the strain-dependent stress-strain response captured by
the Mooney-Rivlin formulation.

2. Effect of concentrated mass: For the considered central mass
location and selected mass values, increasing the concentrated mass
shifted the resonance response toward lower frequencies and made the
hardening tendency more pronounced. The oscillation amplitude also
increased in the presence of the concentrated mass, indicating the
sensitivity of the dynamic response to added inertia under the studied

configuration.



3. Effect of graphene nanoplatelet concentration: The resonant
frequency increases monotonically with GPL concentration throughout
the range studied, reaching its maximum value at 1.0 wt.% GPLs, where
the frequency is 57.9% higher than that of pure epoxy and the
maximum vibration amplitude is reduced by 50%. However, the tensile
results show that 0.8 wt.% GPLs is the optimum concentration for
ultimate tensile strength, while 1.0 wt.% GPLs leads to reduced
strength and fracture strain due to agglomeration. Therefore, GPL
content should be selected by balancing vibration-performance
improvement against strength degradation and structural reliability
requirements.

4. Nonlinear dynamic analysis: Examination of the time response,
phase-plane trajectories, and Poincaré map showed that increasing the
GPL content leads to a change in the oscillation pattern of the system
and enhances its nonlinear behavior. These results show that GPL-
reinforced plates exhibit more complex dynamic behavior than pure
epoxy plates.

Overall, within the investigated material range, boundary condition,
loading configuration, and modelling assumptions, the results indicate that
GPL reinforcement and hyperelastic material modelling can substantially
influence the predicted vibration characteristics of polymer nanocomposite
plates. The proposed experimentally calibrated framework may therefore
support the design of lightweight GPL-reinforced polymer plates with tailored
nonlinear vibration characteristics, provided that strength, reliability,
dispersion quality, and service-condition effects are also considered.
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