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Abstract

Establishing whether a variable Y is a function of a variable X is a fundamental problem
in statistical analysis. Recently, a novel coefficient known as Chatterjee’s correlation
has been introduced to address this problem of testing for functional dependencies.
This correlation is now widely used to assess dependencies between variables. How-
ever, statistical studies frequently encounter missing data. Failing to account for these
missing values can lead to biased and misleading results. To address this issue, we
consider the scenario where the variable Y contains data that are missing at random.
We then extend Chatterjee’s correlation by incorporating inverse probability weight-
ing. A theoretical framework is established to study the asymptotic properties of the
proposed estimator. Our method demonstrates strong performance in finite-sample
simulations and remains robust to the functional form of the dependency. Simulation
studies confirm the excellent performance of the proposed estimator with finite sam-
ple sizes, even under varying rates of missing data. Furthermore, we demonstrate its
practical utility by applying it to real-world datasets where the variable Y is subject
to missingness.

Keywords Chatterjee’s correlation - Missing data - Rank-based statistics - Functional
dependency - Inverse probability weights

1 Introduction

Recently, Chatterjee (2021) introduced a correlation coefficient designed to measure
the extent to which a variable Y is a function of a variable X. Consider a sample of
size n > 2, denoted by the pairs (x1, y1), (x2, ¥2), ..., (Xn, y»). To compute this
coefficient, the data are first sorted by the X variable, yielding the order statistics
X1y < X@) < -+ < X(n). Let yj] denote the Y value concomitant to x(;). The
reordered sample can thus be represented as (x(1y, ¥[11), (X2), Y121)s - - - » (X(n)s Y[n])-
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Assuming no ties in the X observations, the rank of yy; is defined as:
n
Ryjj=Y I(i <y, Jj=12-.n, ¢))
i=1
where I(-) is the indicator function. Chatterjee’s correlation is then defined as:

—1
33521 IRy — Rl

En(va)Zl_ n2—1

@

In Equations (1) and (2), we used notations that differ slightly from Chatterjee (2021)
to better set the missing data formulation. As established by Chatterjee (2021), the
coefficient &, (X, Y) possesses several key properties as follow:

1. Itis asymmetric: £,(X, Y) # &,(Y, X).

2. Itis normalized: for sufficiently large sample sizes n, &,(X, Y) € [0, 1].

3. For sufficiently large sample sizes, it equals zero if and only if X and Y are
independent.

4. For sufficiently large sample sizes, it equals one if and only if ¥ is a measurable
function of X, i.e., Y = f(X).

5. Itis consistent: under the condition that Y is not almost surely constant, &,(X, Y)
converges almost surely to a population quantity £(X, Y) as n — oo, where

Jvar(ELI(Y > 1) | X])du(r)

S =T A = 0)dr)

3

Here, 1 represents the probability law of Y.

For further details on Chatterjee’s correlation, including its definition in the presence
of ties, we refer the reader to the original work by Chatterjee (2021).

Since its introduction, Chatterjee’s correlation has inspired numerous extensions and
applications in the literature. For instance, Azadkia and Chatterjee (2021) introduced
a conditional version of the coefficient, while Lin and Han (2023) proposed an estima-
tion procedure using m-nearest neighbors. In a similar vein, Xia et al. (2025) developed
a measure of functional dependency using a full nearest-neighbors approach, building
upon the principles of Chatterjee’s method. The asymptotic properties of hypothesis
tests for independence based on £, have been studied by several authors, including
(Auddy and Deb 2021; Lin 2022; Zhang 2023; Xia et al. 2025). Furthermore, the
utility of Chatterjee’s correlation has been demonstrated across a diverse range of
statistical analyses. It has been applied to hierarchical variable clustering (Fuchs and
Wang 2024), the development of prediction models (Thottolil et al. 2023), and variable
selection in the general linear model (Bahari 2025).

A common challenge in statistical studies is the presence of missing data. According
to the framework established by Little and Rubin (2019), simply ignoring missing
values can lead to unreliable and misleading results. This issue provides the primary
motivation for our work: to extend Chatterjee’s correlation to handle missing data.
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To address this problem methodically, we adopt the foundational missing data taxon-
omy introduced by Rubin (1976). This classification, formalized by Rubin (1976), is
crucial for guiding appropriate analytical methods and is defined as follows:

1. Missing Completely at Random (MCAR): The probability of a value being missing
is independent of both observed and unobserved data.

2. Missing at Random (MAR): The probability of a value being missing depends only
on the observed data.

3. Missing Not at Random (MNAR): The probability of a value being missing depends
on the unobserved (missing) values themselves, potentially also on the observed
data.

In this paper, we assume that missingness occurs only in the variable Y under the
MAR mechanism. Formally, we define the ith observation probability as:

ﬂ(Xj):P((Si:1|X[), i:1,2,-~-,n, (4)

where §; is the missingness indicator variable such that §; = 1 if y; is observed and
8; = 0 1if it is missing. The function 7 (-) represents the observing probability, which
depends solely on the fully observed variable X, thereby satisfying the MAR assump-
tion. For comprehensive overviews of missing data theory and inferences with missing
data, we refer readers to Little and Rubin (2019); Creemers et al. (2012).

The rest of this paper is organized as follows. In Section 2, we introduce the proposed
methodology and establish the asymptotic properties of our estimator. Section 3 is
devoted to a simulation study that investigates the finite-sample performance of the
proposed method under different missingness mechanisms and missing rates. In Sec-
tion 4, we demonstrate the practical utility of our approach by applying it to real-world
datasets. Finally, detailed proofs of the lemmas are provided in the Appendix.

2 Methodology and theoretical approaches

In this section, we assume that the response variable Y is subject to missingness under
the MAR mechanism. The presence of missing data implies that the true ranks Ry j;
are inestimable. To address this, we propose two estimators for R[;: one based on the
Complete Case (CC) method, which uses only the observed data, and another using
the Inverse Probability Weighting (IPW) method, which weights the observed data by
the inverse of their probability of being observed.

For an index j where the concomitant yjj} is observed, the CC and IPW estimators of
the rank are defined, respectively, as:

R[C]]C = ZS I(y; < y[j1), ifj’th data to be observed, 5)
i=1

n

R(j = Z ( )I(y, < yj}), ifj’th data to be observed. 6)
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Note that these estimators are only defined when the jth individual is observed
(8rj) = D); the rank for a missing jth observation is considered unknown since y( ;] is
missing. Using these rank estimators, we now define the corresponding estimators for
Chatterjee’s correlation. The Complete Case estimator is given by:

~1
3 27=1 8”“ |R [i+11 7~ [/] |
-1

ECC(X, V) =1~ (7

where m = ) 7, §; is the number of complete cases and §;;; is the missingness
indicator corresponding to the order statistic x( ;). The IPW estimator is defined as:

n—1 40 8 IR
J=1 wlxj1) 7))

21

32 — Rjj)l

[/+1

E(X,Y)=1— ®)

In Equation (8), the observing probability corresponding to x is denoted by 7 (x(})),
where 7 (x(j)) = P(d[j] = 1| x(j)). Inboth proposed methods, a pair is excluded from
the summation if at least one of its concomitant ¥ values is missing. Consequently, the
correlation estimators rely solely on the estimated ranks for which the corresponding
Y values are observed. The IPW method compensates for the exclusion of incomplete
pairs by assigning inverse probability weights to the observed data. This weighting
scheme constructs a pseudo-population that is representative of the complete data,
thereby correcting for the bias introduced by the missing data mechanism. Specifically,
units with a lower probability of being observed receive a higher weight, effectively
up-weighting them to account for similar units that are missing.

In practice, the propensity scores 7 (x;) are typically unknown and must be estimated.
A consistent nonparametric estimator, based on kernel smoothing, is given by:

"_18iKn,(x; — xi)
ﬁ(x»:Z’;l =12, ©)
> =1 K, (xj — xi)

where Ky, (+) is a kernel function with bandwidth £,,. Substituting this estimator into
our proposed estimator, we define the feasible IPW rank estimator as:

n

8i .
R[’]"]’W_Z o) ; < yj1), for j suchthats; = 1. (10

The corresponding feasible IPW estimator for Chatterjee’s correlation is then:

3 -1 _ 8+ O |RIPW RIPW|
=1 A1) 7)) LA

I1PW _
én (XsY)_l_ n2_1

(1D

To obtain asymptotic properties of our proposed estimators, we consider some middle
assumption which is known as regularity conditions. (see, e.g., Wang and Wang (2001);
Creemers et al. (2012)).
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Regularity Conditions

C1) The propensity score is bounded away from zero: inf,, 7 (x) > ¢ for some ¢ > O.

C2) The propensity score 7 (x) is twice continuously differentiable.

C3) The kernel function K}, (-) is a symmetric, continuous function of order 2, sat-
isfying [ Ky, w)du =1, [uKp,(u)du =0, and [ u*Kp, (u)du < oo.

C4) The bandwidth #,, is a sequence such that, as n — oo, h, — 0 and nh,, — oo,
with the additional requirement that h2 + (nh,)~'/? = o(1).

Under the MAR mechanism, the CC estimator énc ¢ (X, Y) is generally biased, as will
be illustrated in our simulation studies. For a comprehensive discussion of the bias
inherent in complete case analysis under MAR, see Little and Rubin (2019); Little
(1992). The CC method is included here primarily to benchmark the performance of
our main method, the IPW estimator. Consequently, we focus our theoretical analysis
on the IPW estimator &/”% (X, Y). To establish its asymptotic properties, we first
present two lemmas concerning the propensity score estimator and the rank process,
followed by our main theorems.

Lemma 1 Under the regularity conditions, the following stochastic approximations
hold:

a) RIAY = Ry + Op(nhl + [ 5),
b) &PV (X.Y) = £1(X. V) + Op(hy; + 7).

The proof of Lemma 1 is provided in Appendix A.l. This lemma characterizes the
error introduced by estimating the propensity score.

Lemma 2 Under the regularity conditions, the following stochastic approximations
hold:

a) Rfkj] = Ry + Op(y/n),
b) £1(X.Y) = &(X.Y) + Op(72).

Te proof of Lemma 2 is provided in Appendix A.2. This lemma establishes the asymp-
totic relationship between the infeasible IPW estimator (with known propensity scores)
and the full data estimator.

Theorem 1 Under the regularity conditions, the proposed estimator has the following
properties:

a) &PV (X.Y) = 6(X. V) + Op(hy + =),
b) E1PV(X,Y) B £(X,Y) asn — oo, provided hy — 0 and nhy, — oo.

Proof Part (a) follows directly by combining Lemma 1(b) and Lemma 2(b). Part (b)
follows from part (a) and the consistency of the full data estimator &, (X, Y) established
in Chatterjee (2021), under the given bandwidth conditions. O

Theorem 1 establishes the asymptotic equivalence between the proposed IPW esti-
mator, which uses estimated propensity scores, and the original Chatterjee’s correlation
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computed on the full data. This result guarantees that our method inherits the desirable
asymptotic properties of the full data estimator despite the presence of missing values.
As discussed, the CC method provides a biased estimator, and our aim is to derive
the details of the IPW method. The following remarks and theorem provide further
insights into the properties of the IPW estimator.

Remark 1 By Theorem 1(a), taking expectations and using Theorem 1.1 of Chatterjee
(2021), it follows that

EE "V (X, Y) = EE (X, Y)) + O(h) +

1
nhy, )-
Therefore, E(§/"W(X,Y)) — &(X,Y) asn — oo and nh, — oo. In particu-
lar, under the independence assumption, where E(§,(X,Y)) — 0 asn — oo, the

expectation of the IPW estimator also converges to zero, provided that 4, — 0 and
nh, — oo.

Theorem 2 Suppose X and Y are independent and Y is a continuous random variable.
Then, under the regularity conditions,

2
VgV (X, Y) 4 N(O, §) as n— oo.

Proof By Slutsky’s theorem, convergence in probability implies convergence in dis-
tribution. Applying Theorem 1 together with Theorem 2.1 of Chatterjee (2021), the
result follows. O

An immediate consequence of Theorem 2 is that it can be used to construct a
test for the independence of X and Y. Also, the following remark discusses possible
extensions when some of the assumptions of Theorem 2 are relaxed.

Remark 2 Theorem 2 is established under the assumptions that Y is continuous and
that X and Y are independent. If the continuity assumption on Y is relaxed, similar
asymptotic results can be obtained by combining Theorem 1 with Theorem 2.2 of
Chatterjee (2021). Furthermore, by applying Theorem 1 together with Theorem 1.1
of Lin (2022), analogous conclusions to those of Theorem 2 can be derived in more
general settings. For brevity, we omit the technical details, particularly those related to
variance estimation in these cases, and leave a thorough investigation for future work.

3 Simulation study

In this section, we evaluate the performance of our proposed methods under various
missing data scenarios. Each Monte Carlo simulation was run for ¢ = 5000 iterations
to compute the results presented in the tables and to generate the figures. To compare
the different methods, we employ the following performance metrics:

e The mean of the estimators across the + Monte Carlo replications, denoted by &.
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e The Intraclass Correlation Coefficient (ICC) for absolute agreement, as defined
by Koo and Li (2016), which measures the consistency between the proposed
estimators and the full data Chatterjee’s correlation.

e The Mean Squared Bias (MSB) relative to the full data Chatterjee’s estimator,
defined for method i as:

t
MSB,~=;Z($};]_(X,Y)—§,,j(X,Y))2, ie(cC,IPW), (12
j=1

where én_/. (X,7Y) is the estimate from the jth full dataset and g,ij (X,7Y) is the
corresponding estimate from method i applied to the incomplete data.

We consider three main simulation studies (Studies 1-3) to comprehensively eval-
uate the proposed methods. These studies investigate the impact of various factors,
including sample size, missing data mechanism (MCAR, MAR), missing rate, and
the underlying functional form of the dependency between X and Y. In Study 4, we
employ visualization techniques to provide deeper insight into the behavior of the
estimators and to further illustrate the effect of the functional relationship on the anal-
ysis. Moreover, in the final scenario, we use Theorem 2 to compare the IPW method
with the Full method for testing the independence hypothesis through Monte Carlo
simulation studies.

The R codes used for the simulation studies and the real data analysis are available at the
following link: https://drive.google.com/file/d/ 1IBFYSWmLOCHWOFPi61 AP8cWS5Y
2vSrG38t/view ?usp=sharing.

3.1 Study 1: A model with strong dependency

We begin with a model characterized by a strong, nonlinear dependency:
Model 1: ¥ = X3 +¢,

where X ~ N (0, 1) and e ~ N(0, 0.5). To evaluate the performance of our estimators
under diverse missing data scenarios, we generate missing values in Y according to
the following four mechanisms:

1) mi(x) = —— — (MAR, moderate complexity).
) 1404 X|e* ( plexity)

2) ma(x) =0.8 (MCAR, 20% missing rate).

3) T3 (x) = m (MAR, longth)

4) my(x) = (MAR, periodic).

1 + sin?(27x)
The simulation results for this study, including different sample sizes n and the resulting
missing rates under each mechanism, are presented in Table 1.

The consistency of Chatterjee’s correlation ensures that the full data estimator
converges to the true population value as n increases. Consequently, comparing the
proposed methods (CC and IPW) against this full data benchmark is meaningful across

@ Springer


https://drive.google.com/file/d/1BFY5WmL0CHWOFPi61AP8cW5Y2vSrG38t/view?usp=sharing
https://drive.google.com/file/d/1BFY5WmL0CHWOFPi61AP8cW5Y2vSrG38t/view?usp=sharing

F.Bahari

Page 8 of 30

56

006L0 #0000 ¥T0L0 9TLL'O L1000 6L89°0 1€SL°0 8€00°0 L6990 AT
LYLLO 67000 009L0 LYLLO 69000 68YL°0 989L0 66000 LTELO 0€'0 v 20
L8880 20000 1769°0 L6LS0 60000 87890 97980 02000 L£99°0 AT
L6T8°0 1£00°0 6SSL°0 10£8°0 €400°0 €T€L0 0L18°0 £900°0 8TIL'0 0Z°0 u oN)
9788°0 70000 8€69°0 81.8°0 60000 87890 1€68°0 72000 7€99°0 MdI
9918°0 0%00°0 9EVL0 69180 #5000 €0¥L0 S108°0 SL000 ¥0TL0 0T0 Cu 20
6660 1000°0 0£69°0 €9%6°0 €000°0 9LL90 €LE60 80000 179°0 MdI
1816°0 11000 T€TL0 LST16°0 91000 080L°0 06060 ¥200°0 75890 60°0 T 20
- - 02690 - - 1SL9°0 - - 88190 - - g

D01 aSIN 32 D1 4SSN 3 D01 aSIN 32 AN NI POYIRIAL

00s=u 001=U 0g=u

suonedr[dar o[1e) 9JUOIN ()00S U0 paseq (gSIN) serg parenbg
UBSJAl PUE ‘(DD]) IULIOYFR0D) UONL[ALIO)) SSE[denU] ‘(3) AJeWNsd uedw ay) Suimoys ‘(YIN) sorer Juissiua pue ‘(JAJA) SwsIueyodw ssouguissiua ‘(u) sozis ajdwes JudIJIp
10} UONE[a1I09 S, 231918y Jo siorewnsa (M) SunyStop A[iqeqoid 3s1Au] pue ‘(D)) ase) a3e[dwo)) ‘[[ng Y Jo dourULIO}IRd ] ApmIS I0J s}[nsal uonenuwis | sjqel

pringer

As



Improvement of Chatterjee’s correlation with missing. .. Page90of30 56

different sample sizes. The results in Table 1 lead to several key conclusions. Overall,
the IPW method demonstrates strong performance, substantially outperforming the
CC method. As the rate of missing data increases, the accuracy of the CC estimator
deteriorates rapidly. In contrast, the IPW estimator maintains its accuracy remarkably
well, showing little sensitivity to the missing rate. Furthermore, both proposed methods
exhibit the same convergence behavior as the full data estimator; specifically, the [IPW
estimates converge toward the true value as the sample size increases, as theoretically
expected. By comparing the £ column, it is evident that the IPW method gives estimates
closer to the Full method than the CC method. This is further supported by the MSB
criterion, where the MSB of the IPW method is smaller than that of the CC method in
nearly all scenarios, indicating that IPW estimates are generally closer to the full-data
case. The ICC values are largely invariant to sample size but decrease with higher
missing rates. A comparison of ICC values confirms that the IPW method maintains
significantly higher agreement with the full data estimates than the CC method. To
isolate the effect of the missing mechanism, we compared mechanisms (2) (MCAR)
and (3) (MAR) at comparable missing rates. The IPW method performs robustly under
both mechanisms, which is theoretically justified as MCAR is a special case of MAR.
In general, the IPW method provides excellent results. However, its accuracy in small
samples can be affected when the missing rate is very high. Finally, we caution against
the use of the CC method in any missing data scenario, as it consistently introduces
substantial bias.

3.2 Study 2: A model with no functional dependency

This study examines the performance of the estimators under the scenario of indepen-
dence between X and Y. Consider the following model:

Model 2: Y =1+ ¢,

where X ~ U(1, 3) and € ~ N (0, 0.5). In this model, Y is independent of X, and thus
the true value of Chatterjee’s correlation is 0. This allows for a direct comparison of
the estimates against the known null value. Missingness in Y is generated according
to the following mechanisms:

5) ms(x) = T o-15-05x (MAR, logistic).
6) mg(x) =0.8 (MCAR, 20% missing rate).

1
7) m7(x) = T T (MAR, decreasing).
8

8) mg(x) = (MAR, decreasing).

1
14+0.3/x
The simulation results for Study 2 are presented in Table 2 for different sample sizes
and the resulting missing rates under each mechanism.

Since Model 2 implies independence between X and Y, the true value of Chatterjee’s
correlation is 0, and a consistent estimator should converge to this value as n — oo.
The relative performance of the proposed methods in this setting is consistent with the
findings from Study 1. The [PW estimator continues to demonstrate excellent perfor-
mance, with é,{ PW(X,Y) converging toward 0 as the sample size increases. While the
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accuracy of the IPW estimator decreases slightly with higher missing rates, this effect
is modest. In stark contrast, the CC estimator exhibits severe bias. Its estimates are
consistently and substantially inflated above 0, and this bias increases with the miss-
ing rate. For instance, with n = 500 and a 30% missing rate, SHCC (X,Y) = 0.2936,
a value far from the true value of 0. Under the same conditions, the IPW estimator
yields /W (X, Y) = 0.0237, demonstrating its remarkable accuracy and robustness
even under the hypothesis of independence.

3.3 Study 3: A model with moderate dependency

We now examine a scenario with a moderate, nonlinear functional dependency:
Model 3: Y =1+ 2log(1 + X) +¢,

where X ~ Beta(3, 2) and € ~ N (0, 0.5). Missingness in Y is simulated through the
following four mechanisms:

1
9) mo(x) = |

sz (MAR, complex logistic).
+ e~ 1-1ox—

1
10) mio(x) = TH041X| (MAR, V-shaped).

1
11) 71 (x) = 70 (MAR, polynomial decay).

1
12) mp(x) = 15 0.25] sin(ro) & cos )] (MAR, oscillatory).
The simulation results for Study 3, including different sample sizes and the resulting
missing rates, are presented in Table 3.

For the full data case with n = 500, the estimated Chatterjee’s correlation is 0.3227,
confirming a moderate functional dependency of Y on X, as specified by the model.
The results from this study reinforce the patterns observed in Studies 1 and 2. The
IPW method consistently and substantially outperforms the CC method across all
evaluated conditions. It provides estimates that are both more accurate and more stable,
demonstrating its robustness as a general-purpose method for estimating functional
dependency in the presence of missing data.

3.4 Study 4: Visualization across functional forms

This study visually compares the performance of the estimators across four distinct
functional relationships, designed to cover a range of dependency structures:

Model 4: Y = p(1 + X) 4+ (1 — p)e (Linear).

Model 5: Y = psin(X) + (1 — p)e (Sinusoidal).

Model 6: Y = p(1 + log(1 + X?)) + (1 — p)e  (Logarithmic).
Model 7: ¥ = p(1 4+ e '"X) 4+ (1 — p)e (Exponential).

In all models, X ~ N(0, 1) and € ~ N (0, 0.5). The parameter p € [0, 1] controls
the noise of the models, allowing the true functional dependency to vary smoothly
from pure noise (p = 0) to a deterministic relationship (p = 1). Missingness in Y
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are generated using mechanisms 1 (x) and 74 (x) from Study 1, resulting in approx-
imately 10% and 30% missing data. We estimated Chatterjee’s correlation using the
Full, CC, and IPW methods for different values of p. The results are displayed in Figs.
1,2,3 and 4 for Models 4-7, respectively. In all figures, the Full data estimates are
represented by solid curves, the IPW estimates by dashed curves, and the CC estimates
by dotted curves. The simulations were conducted for sample sizes n = 50, n = 100
and n = 500 under both missingness mechanisms to examine their interacting effects.
The figures corroborate the conclusions from Studies 1-3. The IPW estimator (dashed
curves) consistently tracks the full data estimates (solid curves) closely across all func-
tional forms, sample sizes, and missingness mechanisms. In contrast, the CC estimator
(dotted curves) exhibits significant bias, particularly in scenarios with low to moderate
dependency. This bias in the CC method diminishes as the true dependency strength
(p) increases, with its estimates gradually shifting toward the full data curve. The
effect of a higher missing rate is visually apparent for both methods, but is substan-
tially more pronounced for the CC estimator. A comparison across Figs. 1,2,3 and 4
reveals two key insights: first, the superior performance of the IPW method is robust
to the underlying functional form of the dependency; and second, the sample size and
missing rate remain the primary factors influencing the precision of the estimates.

3.5 Study 5: Testing independence

In this section, we use simulation studies to evaluate the performance of Theorem 2
for testing independence. To this end, we consider the following models:

Model 8: ¥ = p(1 + X3) + (1 — p)e,
Model 9: Y = p(1 +sin(X)) + (1 — p)e.

Inall models, X ~ N (0, 1),e ~ N(0,0.25) and p € [0, 1]. To generate missing values
in the response variable Y, we consider the following missingness mechanisms:

13) ma(x) = (MAR, logistic).

1+ e—2-0.5x"

1
14) m5(x) = 1402510205 7 1) (MAR, U-shaped).
Under mechanism 13, approximately 13% of the observations in Y are missing,
whereas under mechanism 14, approximately 6% of the observations in Y are miss-
ing. For Models 8 and 9, when p = 0, the variables X and Y are independent. As
p increases, the dependence between X and Y becomes stronger. In particular, when
p = 1, Y is a deterministic function of X. We compute the empirical power of the
independence test for different values of p at the significance level « = 0.05. As
expected, the empirical power increases toward one as p approaches one. The results
of this study are presented in Figs. 5 and 6. Figures 5 and 6 display the empirical
power as a function of the noise parameter p. In both figures, the power for reject-
ing the independence hypothesis is an increasing function of p. When p is close to
zero, the probability of rejecting independence is low, whereas for values of p greater
than approximately 0.5, the empirical power is close to one. A comparison of the
two figures highlights the effect of the missing rate. Under a lower missing rate, the
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P

Fig. 1 Estimated functional dependency for Model 4 (Linear) across different signal strengths p. Results
are shown for the Full data (solid line), Complete Case (CC; dotted line), and Inverse Probability

Weighting (IPW; dashed line) estimators. The panels display results for all combinations of sample size
(n = 50, 100, 500) and missingness mechanism (771 or 4)
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Fig. 2 Estimated functional dependency for Model 5 (Sinusoidal) across different signal strengths p.
Results are shown for the Full data (solid line), Complete Case (CC; dotted line), and Inverse Proba-
bility Weighting (IPW; dashed line) estimators. The panels display results for all combinations of sample
size (n = 50, 100, 500) and missingness mechanism (7| or 7r4)
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Fig. 3 Estimated functional dependency for Model 6 (Logarithmic) across different signal strengths p.
Results are shown for the Full data (solid line), Complete Case (CC; dotted line), and Inverse Probability
Weighting (IPW; dashed line) estimators. The panels display results for all combinations of sample size
(n = 50, 100, 500) and missingness mechanism (7] or 4)
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Fig. 4 Estimated functional dependency for Model 7 (Exponential) across different signal strengths p.
Results are shown for the Full data (solid line), Complete Case (CC; dotted line), and Inverse Probability
Weighting (IPW; dashed line) estimators. The panels display results for all combinations of sample size
(n = 50, 100, 500) and missingness mechanism (7] or 4)
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Fig.5 Empirical power of the independence test versus different values of the noise parameter p for Model 8,
comparing the Full (solid curve) and IPW (dotted curve) methods
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Fig.7 Scatter plot of Ozone (Y)
versus Temperature (X) with -~ Quadratic
fitted regression models for the
airquality dataset
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empirical power of the IPW method is closer to that of the Full method. Overall, the
proposed IPW estimator of Chatterjee’s correlation in the presence of missing data
demonstrates strong performance in testing independence. Also, as the sample size
increases, the power to reject the independence hypothesis increases. In summary, the
empirical power approaches one in all cases, across different models, different sample
sizes, missingness mechanisms, and missing rates, for moderate values of the noise
parameter

4 Real data studies

To illustrate the practical utility of our proposed method, we apply it to two real-world
datasets where the variable Y is subject to missingness. For each dataset, we estimate
Chatterjee’s correlation using the CC and the IPW approaches, demonstrating the
performance of our method in realistic settings.

4.1 Air quality dataset

We first analyze the airquality dataset, available in the R software environment,
which provides daily air quality measurements in New York City from May to Septem-
ber 1973. This dataset includes six variables; for our analysis, we treat Ozone as the
variable Y and Temp (temperature) as the variable X. The dataset contains 153 obser-
vations, with the Ozone variable having 37 missing values, corresponding to a missing
rate of approximately 24%. The variables X and Y, obtained from the airquality
dataset, are shown in Fig. 7.

From Fig. 7, it appears that the relationship between X and Y is not linear. There-
fore, using classical correlation measures such as Pearson’s correlation to assess the
dependence of Y on X is not appropriate. In this case, applying Chatterjee’s correlation
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Z:t?lﬁ;effzitgg;f; (;")rrveelf::l‘:“ Method o2 £ MSE 95% Empirical CI

Temperature (X) in the cc 0.01 07028  0.0004  (0.6899,0.7414)

airquality dataset
PW 06172 00007  (0.6005,0.6701)
cc 0.1 0.6997 00004  (0.6005,0.6701)
PW 06137  0.0008  (0.5947,0.6668)
cc 025 06911 00005  (0.6760,0.7351)
IPW 0.6009  0.0009  (0.5808, 0.6604)
cc 050 06853 00006  (0.6698,0.7307)
PW 05924 00011  (0.5711,0.6549)
cc 075 06718 00006  (0.6649,0.7280)
IPW 0.5874 00011  (0.5647,0.6501)
cc 100 06783 00006  (0.6615,0.7258)
PW 05874 00011  (0.5597,0.6471)
cc 150 06739 00007  (0.6566,0.7242)
PW 05763 00013  (0.5527, 0.6446)
cc 200 06711 00007  (0.6531,0.7246)
IPW 05725 00014  (0.5481,0.6455)

Estimates from CC and IPW methods are shown, with the X variable
jittered using N (0, 02) noise to break ties. The mean of estimates (&),
mean squared error (MSE), and 95% empirical confidence intervals
(CI) for different values of o2 are reported based on 5000 Monte Carlo
replications

provides a more meaningful measure of dependence. Since Chatterjee’s correlation
requires the X variable to be continuous without ties, and Temp contains repeated
values, we introduced a small jittering noise to break the ties. Specifically, we added
independent noise € ~ N (0, o2) to the X values. To ensure the stability of our results
against the random jitter, we repeated the estimation process 5000 times for differ-
ent noise levels o2 and report the average estimates. The results of this analysis are
presented in Table 4.

Table 4 presents the mean, mean squared error (MSE), and 95% empirical con-
fidence interval of the estimators across 5000 Monte Carlo replications for different
values of the jittering parameter o2. The results demonstrate that the estimated corre-
lations are robust to the specific choice of o2, with only minor variations observed as
the dispersion of the noise increases. Based on the consistent performance of the [IPW
method established in our simulation studies, we recommend its estimate for inter-
preting the relationship between Ozone and Temperature. The IPW method indicates
a moderate functional dependency, with a Chatterjee’s correlation of approximately
0.61.
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Fig.8 Scatter plot of number of
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4.2 Economics dataset

We further validate our method using the economics dataset from the ggplot?2
package in R, which contains US economic time series data from 1967 to 2015. This
dataset comprises 7 variables; for our analysis, we use the third column, personal
consumption expenditures (pce), as the X variable, and the seventh column, number
of unemployed individuals (unemploy), as the Y variable. Both variables are fully
observed in the original dataset. The variables X and Y, obtained from the unemploy
dataset, are shown in Fig. 8.

From Fig. 8, it is clear that the relationship between X and Y is nonlinear. Therefore,
applying Chatterjee’s correlation provides a more meaningful measure of dependence
compared to classical correlation measures. To evaluate the performance of our esti-
mators, we artificially introduced missing data into the Y variable according to the
following six mechanisms:

15) m5(x) =0.85 (MCAR, 15% missing).

16) mie(x) = m (MAR, logistic).
17 = —+——— (MAR, V-shaped).
) mi7(x) 1500025 | X| ( shaped)

18) mig(x) = 1 —0.5sin>(2wrx) (MAR, periodic).
19) m9(x) =1 —0.5¢c0s2(27x) (MAR, periodic).
20) m0(x) = 1 +1log(1 +0.01 | X|) (MAR, logarithmic).

The simulation results, based on 5,000 Monte Carlo replications for each mechanism,
are summarized in Table 5.

The original economics dataset is complete, providing a full data benchmark esti-
mate of Chatterjee’s correlation of &, = 0.8760 (Table 5), indicating a very strong
functional dependency between unemployment and personal consumption expendi-
tures. After artificially introducing missingness into the unemployment variable (Y)
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Table5 Chatterjee’s correlation estimates for unemployment (Y') versus personal consumption expenditures
(X) in the economics dataset

Method MM MR 3 MSE 95% Empirical CI
Full - - 0.8760 - -

CcC 15 0.15 0.8940 0.00005 (0.8893, 0.9081)
IPW 0.8768 0.00004 (0.8725, 0.8902)
CcC 16 0.18 0.8824 0.00004 (0.8779, 0.8954)
IPW 0.8772 0.00003 (0.8735,0.8812)
CcC 17 0.12 0.8840 0.00004 (0.8796, 0.8971)
IPW 0.8767 0.00003 (0.8730, 0.8880)
CcC 18 0.26 0.9040 0.00005 (0.8994, 0.9179)
IPW 0.8746 0.00007 (0.8693, 0.8887)
CcC 19 0.24 0.9057 0.00005 (0.9009, 0.9195)
IPW 0.8772 0.00006 (0.8719, 0.8927)
CcC 720 0.28 0.9005 0.00008 (0.8842,0.9181)
PW 0.8781 0.00011 (0.8710, 0.8987)

The mean of estimates (£), mean squared error (MSE), and 95% empirical confidence intervals (CI) for
different values of o2 are shown for the Full, CC, and IPW estimators under six different missing data
mechanisms, based on 5000 Monte Carlo replications

under various missing mechanisms, the results in Table 5 demonstrate the robustness
of the proposed IPW estimator. While a minor decrease in accuracy is observed with
higher missing rates, the IPW estimates remain consistently close to the full data
benchmark across all missingness scenarios. In contrast, the CC estimator shows sub-
stantially greater deviation and sensitivity to the missing data mechanism and rate. In
addition, the estimated Chatterjee’s correlation lies within the empirical 95% confi-
dence interval obtained using the IPW method in all cases. However, this is not true
for the empirical 95% confidence interval produced by the CC method.

5 Discussion and Conclusion

This paper has addressed the estimation of Chatterjee’s correlation in the presence of
missing data, operating under the MAR assumption. Our simulation studies demon-
strate that the proposed IPW method performs robustly not only under MAR but also
under MCAR mechanisms, as evidenced in Studies 1 and 2. This robustness is valu-
able in practice, as the true missingness mechanism is often unknown and the MNAR
mechanism is not testable. Following the guidance of Little and Rubin (2019), employ-
ing a MAR-based methodology provides a principled and often satisfactory approach,
allowing for valid inference even when the true mechanism is MNAR. Inference under
a strict MNAR mechanism is particularly challenging because the mechanism is inher-
ently untestable from the observed data alone, and the propensity score depends on
the unobserved values themselves. While methods exist for MNAR data, such as the
exponential tilting approach proposed by Bahari et al. (2021) for regression analy-
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sis, they require strong assumptions about the nature of the missingness. Therefore,
the MAR framework remains a practical and widely adopted foundation for handling
missing data. The propensity scores required for the IPW estimator are unknown in
practice and must be estimated. While we employed a kernel smoothing approach with
a normal kernel and cross-validated bandwidth, alternative methods, such as paramet-
ric logistic regression, could also be used. The consistency of the final estimator relies
on the consistent estimation of these propensity scores. Based on our comprehen-
sive simulation results and real-data applications, we strongly recommend the use of
the IPW method over the CC method, as the latter introduces significant bias across
all scenarios considered. While the IPW method presented here provides a reliable
solution, future research could explore more sophisticated approaches, such as aug-
mented inverse probability weighting (AIPW), which may offer improved efficiency
and robustness. Extending Chatterjee’s correlation using such doubly robust methods
may be our next study.

A Appendix: Proofs of Lemmas

This appendix provides detailed proofs of Lemmas 1 and 2. The proof of Lemma 1
is presented in the following subsection, followed by the proof of Lemma 2 in the
subsequent subsection. For notational simplicity in the proofs that follow, we adopt
these conventions:

w(x;) = m;, a(x) =7,

m(x(j)) = 7, T (x(j)) = AL,
En(X,Y) =6, E (X, Y) =&,
ECC(X,Y) =€, V(X Yy ="V
h, =h.

A.1 Proof of Lemma 1.

For any index j where y[ ;] is observed (i.e., where §; = 1), we have:

n
8.
R =20 10w < v
1

i=1

Applying a first-order Taylor expansion to the propensity score 7; around 7;, we
obtain:

n
8.
RGP =2 10w < yj)

i=1 "

n
S R
+y n_;(”i — ) (yi < yij1)
i=1 T
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n
+ D 81 (i < ;) Op((Ti — 7))
i=1
=A+B+C. (A.1)

We now analyze the asymptotic behavior of the terms B and C separately.

C =Y 810y < y)Op((mi —7)%)

i=1
By conditions (C1) and (C2) and standard results in kernel estimation (Wang and Wang

2001), we have |#; — ;| = op(h2+J+Th). Consequently, |7; — ;| = Op(h*+ 1.
On the other hand, |6; I (y; < y;))| < 1foralli, j, the term C satisfies:

n
1
C=)Y 0ph*+ —),

i=1

Since h* = o(h?) and ﬁ = o(ﬁ) as h — 0 and n — o0, we conclude that:

n
1 n
c=Y 0ph’+—)= op(nh2+\/j). (A.2)
; nh h
For B statement we have:
n 8
B=Y" n—;(ﬂi — )1 (i <y,
i=1""

by applying |#; — ;| = Op(h* + ﬁ), we can write,

n
5.
B=Y —1(i <yj0ph® + —=),

1
im1 Vnh

Furthermore, by condition (C1) which states infy 7 (x) > ¢ > 0, the term %I (i <

y;1) is bounded from above. Therefore,

B=0ph*+

1
: A3
Vnh ) (A
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Substituting the results from Equations (A.2) and (A.3) into Equation (A.1) yields:

n
S; 1 n
RV =" =10 < yj) + 0p(h® [—
(71 - (YI_YIJ])+ p( +m + h)

i=1
"5 n

=2 10 =)+ 0p@h® + \/; (A4)
i=1 "

This completes the proof of part (a). Using this result, we now prove part (b). From
part (a), we have:

n
RS~ R = 1RG0 R+ 0p 4 [T (as)

Now, by applying the result from Equation (A.5) and performing a first-order Taylor
expansion of 77; around 7;, we obtain:

81j1 81j+11 RIPW, — RIPW| = [5[/‘1 dj+n | 1 dj+ (11 — 7))
=~ = + - J
Ay Ay TG ) T

811 S+ .

—— —— (e — 1411
T 741

+0p(h4+—> X [|Rj 41 — R{j|

+ op(nh2+\/;)].

Expanding the product of the two bracketed expressions yields:

5m S+l | prpw rpw, _ S0l SLj+1) «
IRijn — Rij) " | = ———— Ry — R
[J] T[[J'H] T TTj+1]
81 Orj+11 .
e G B ARG — R
77[2]] it [j+1] [/]

811 Orj+11
— = G — A IR o — Ri
”U]”[m]

1
Sri1 Ofi n n
+ A 6 (ki + \/j) 1+ Op(nh?* + \/i)
1 T j+1] h h
(A.6)

The final expression is obtained through standard algebraic manipulation and simpli-
fication of the remaining product. Note that |R[ i) R[*j]| = O(n)and (7; — ;) =
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Op (h2 + ﬁ). Therefore, under the assumed regularity conditions, it follows that:

81 6 i+1 ~ n
UL ) — A4 I Ry — Riy| = Op (nh” + \/;)’

7y T

811 8rj+11 2
- 2 (411 —JTJ+1])|R [j+1] R[]]| = Op(nh” + )
MARLFESY|

IR 1) — Rij|0p(h* + —) = Op(nh* + —),
o1 6
[]] []+1 0 ( h2 \/7)_ OP(nhz \/7)
T+1

Summing both sides of the above equation from j = 1 ton — 1 yields:

— n—1
811 dj+11 g1 PW _ prPW 31 S+ | s * 2, [n
Z IRIEM — RIFW = 3 UL IR¥.\ 1y — Ryl + (n — DOp(nh® + [ =)
p A1 AL+ [j+1] [j] = R [j+11 [J] h

1
+ (= 1)0p (nh?® +\/§) +(n—1)0pnh* + ¥

+(n — 1)Op (nh? +\/%) +(n—1)0pnh® +\/g)

-1
311 S+ 2,2 n
= —= IR{i 11— Rigl+ Op”h” +n, /). (A7)
2wy g L+~ B 7

Substituting this result into the expression for £/7" and simplifying yields:

324—1 8j+1 5[—"]|R*, — Rj*|

=1 7(; T+ 1
grw =1 - L= ] +0p(h* + =)
1
=&+ Op(h* + ). (A8)
" P vnh

The Equation (A.8) establishes the result in part (b) of Lemma 1, thereby completing
the proof.

A.2 Proof of Lemma 2.

To prove part (a), we analyze the expectation and variance of the estimated ranks for
observed indices j (where 6; = 1). We proceed as follows:
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n
5.
ERR 1 X.Y)=EQ n—’il(yi <ynlX.Y)
i=1

n
8.
=> E(ﬂ—’_l(yi <yl X,Y)
i=1 !

n
8.
=) 10i S yDE( 1 X, 1)
1

i=1

= R(j1, (A9)

In Equation (A.9), under the MAR assumption, we have E(i_i,- | X,Y) = 1. Further-
more,

n
84
var(Rij | X, ¥) =var(y  —1(i <y | X, ¥)

i=1 """
= Zvar(jl(yi =y X.Y)
1

i=1

n
_ Z (i _zy[]])var(—l | X.Y)
i=1 i i

" 1—¢ n
=) =y s —~ D 10 < yij) = Mn.
i=1 ! i=1

(A.10)

In Equation (A.10), the first equality follows from the independence of the §;’s. The
fourth equality utilizes the identity var(§; | X,Y) = m;(1 — ;). The subsequent
inequality is a consequence of the first regularity condition (C1). The final equality
holds because the summation is asymptotically of order n, where M is a positive
constant. Therefore, we obtain the following expression for the variance:

var(R;; | X, Y) = O(n). (A.11)

Thus, by combining the results from Equations (A.9) and (A.11) and applying Cheby-
shev’s inequality, we conclude that:

Rfkj] = R(j)+ Op(v/n)
This establishes part (a) of Lemma 2. To prove part (b), we decompose the rank
estimator as R;) = Ryj) + e[}, where the error term is defined as efj) = - (% -

DI(y; < ypj1). From part (a),

E(ej) | X,Y) =0,
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and, by following the same reasoning applied in the derivation of Equation (A.10), we
conclude that:

n
1—m
var(epj | X, ¥) =3 ——1( < y;) = O).
1

i=1

Thus, e;) = Op(y/n). Substituting this into the decomposition R = Rij1 + epjy,
we obtain:

IR[j11) — Rijl = IRj+11 — Rpjy — (egjsny — egjpl-

Thus, ||RE}+1] — RFj]' — |Rj+11 — Rl < legjr1) —ejil = OP(\/E)' This implies
that,

IR{ 41— Rijl = IRG+11 — Rijtl + 0p (V).
Therefore, we obtain the following result:

33 MR 411 — Rijtl + Op (V)]
n2—1

EE X, V) =1~
n0(J/n)

n? —1

1
=& + 0(%)- (A.12)

:§n+

Furthermore,

3Y 2R+ — Rijtl + 0, (V)]

var(&7 | X, Y) =var(l — ) | X,Y)
n —
3L S1j+11 811
) 8
=( )2 wvar(=E= =L R — Rl | X, Y)
n? —1 ; T !
3 o, L=
— T+ 2
=( > ( ! )IR(j+11 = Rijil
n? -1 ; Tjsn !
3
< ()M, (A.13)
nc—1

where M* is a bounded positive constant. Therefore, we conclude that:
N 1
var(&; | X,Y) = O(-). (A.14)
n

Then, by combining the results from Equations (A.12) and (A.14) and applying Cheby-
shev’s inequality, we establish part (b) of Lemma 2, which completes the proof.
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