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Abstract

Cone extensions of production technologies and their lower and upper cone variants are
often referred to as the constant, nonincreasing and nondecreasing returns-to-scale tech-
nologies and are used for the evaluation of different scale characteristics of production
frontiers. These include the scale efficiency, returns to scale and most productive scale
size of decision making units. It may not be widely known that such cone extensions of
production technologies, including the cone extension of the standard variable returns-
to-scale technology, are usually not closed sets. Theoretically, for the correct evaluation
of scale characteristics, we need to perform computations in cone extensions of the tech-
nology that are generally not closed and whose operational statements are not known.
Instead, it is common to use the closures of cone technologies without acknowledging
that this is essentially a heuristic approach which is assumed valid without a proof. In
this paper, we address two goals. First, for a very large class of production technologies,
which includes all polyhedral technologies and their finite unions, i.e., most of technolo-
gies of data envelopment analysis, we establish equivalence between the evaluation of
scale characteristics using cone extensions and their closures, therefore theoretically vali-
dating the existing heuristic approaches. Second, we establish new relationships between
the production technology and its closed cone extensions which lead to a simplification

of the known methods of assessing returns to scale.

Keywords: Data envelopment analysis; Cone extensions; Scale efficiency; Returns to

scale
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1 Introduction

In data envelopment analysis (DEA), cone extensions of production technologies are often
used as either technologies in their own right (i.e., representing a scalable production
process) or as mathematical constructs which do not represent an assumed technology
but are still useful for the evaluation of various scale characteristics of the production
frontiers. The latter include the scale efficiency, returns to scale and most productive
scale size (MPSS) of decision making units (DMUs), and their partial variants. In this
paper, we are concerned with the latter use of cone extensions as reference technologies

for the evaluation of scale characteristics of production frontiers.

1.1 Convex and nonconvex production technologies

There are now many different (convex or nonconvex) models of technology suggested in
the literature. Such technologies are often developed to represent different characteristics
of the production process (e.g., their network structure or the type of disposability of
inputs and outputs), any additional information (e.g., about trade-offs between inputs
and outputs) and the types of data (such as volume and ratio measures) available to the
analyst.

Almost all convex technologies developed in the DEA literature are polyhedral tech-
nologies. These are defined by finite sets of linear equalities and inequalities and, as
a result, have piecewise linear production frontiers (Podinovski, Chambers, Atici and
Deineko, 2016). Examples include the standard constant and variable returns-to-scale
(CRS and VRS) technologies of Charnes, Cooper and Rhodes (1978) and Banker, Charnes
and Cooper (1984) and their nonincreasing and nondecreasing returns-to-scale (NIRS and
NDRS) variants (Fare, Grosskopf, and Lovell, 1983; Seiford and Thrall, 1990). Further
examples include technologies based on selective joint weak disposability assumptions
(Mehdiloo and Podinovski, 2019), different technologies with multiple technological com-
ponents (Cherchye, De Rock, Dierynck, Roodhooft, and Sabbe, 2013; Podinovski, 2022;
Walheer, 2018), technologies expanded by production trade-offs (Podinovski, 2004b) and
various network structures (Fére, Grosskopf, and Whittaker, 2007; Kao, 2017; Lozano
and Villa, 2004; Peyrache and Silva, 2023).

Many nonconvex technologies can be represented as finite unions of polyhedral tech-
nologies. Examples include the free disposal hull (FDH) model (Deprins, Simar and
Tulkens, 1984), its extension by production trade-offs (Mehdiloo, Papaioannou and Podi-
novski, 2026), the multicomponent FDH (Papaioannou and Podinovski, 2025) and mod-
ifications of the VRS and CRS technologies that allow the incorporation of percentages
and other types of ratio data as its inputs and outputs (Olesen, Petersen and Podinovski,
2015).
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1.2 Cone and closed cone extensions

The (full) cone extension of a production technology 7 is the union of all rays in the input-
output space that start at the origin and extend through the DMUs in the technology.
In other words, the cone extension of technology 7 contains all DMUs in 7 and all their
proportionally downscaled and upscaled versions, including the origin. The lower and
upper cone extensions of technology 7 are subsets of its cone extension. They include
only the downscaled or upscaled versions of the DMUs from technology 7, and 7T itself,
respectively.

It may not be widely known that the full, lower and upper cone extensions of a
technology are generally not closed sets, even if the underlying technology 7T is closed.
For example, the cone extension of the conventional VRS technology of Banker et al.
(1984) is generally not a closed set—see, e.g., Podinovski (2022). Therefore, the standard
CRS technology is not its cone extension, but is the closure of its cone extension.!

In this paper, we make an explicit distinction between the full, lower and upper cone
extensions of a technology and their closures to which we also refer as the closed cone,
closed lower and closed upper cone extensions. For example, the standard CRS, NIRS
and NDRS technologies are the closed full, lower and upper cone extensions generated

by the conventional VRS technology.

1.8 The role of cone extensionsin DEA

In the literature on efficiency and productivity analysis, the difference between the cone
extensions of technologies and their closed variants is often overlooked. The most signifi-
cant developments of various scale characteristics of production frontiers often implicitly
equate the full, lower and upper cone extensions of the underlying technology to their
closed variants referred to as the CRS, NIRS and NDRS technologies, respectively.

For example, Banker (1986) defines MPSS of the DMU, in the VRS technology by
maximizing the ratio of the quantity [ of its output vector to the quantity « of its
input vector; subject to the condition that the resulting DMU remains in the technology.
This results in a program with a nonlinear objective function. Podinovski and Bouzdine-
Chameeva (2019) show that such program is equivalent to the assessment of output radial
efficiency of DMU, in the cone extension of the VRS technology. However, the latter is
generally not a closed set, and the resulting program is not a linear program. It requires
an additional proof that such extension can be substituted by the closed cone extension,
which validates the use of the standard CRS technology for the assessment of MPSS,
instead of the cone extension of the VRS technology.

Similarly, the assessment of scale efficiency by Banker et al. (1984) requires the

1This follows from a more general result proved by Podinovski and Bouzdine-Chameeva (2019) for an
arbitrary polyhedral technology.
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evaluation of efficiency of DMUs in the full cone (but not closed cone) extension of the
underlying technology. The characterization of returns-to-scale (RTS) by the approach
of Fare et al. (1983) and global RTS by a modification of the former approach developed
by Podinovski (2004a) additionally requires such evaluation in the lower or upper cone
extension of the technology, but not in their closures.

All of the above approaches are usually illustrated by a two-dimensional graph of the
technology, with a single input and a single output, in which case the cone extension
of the VRS technology (and some other technologies) coincides with its closure. This
implicit substitution of cone extensions by their closures is then heuristically extended
to the general case of an arbitrary technology. However, as noted, such equivalence is
generally invalid.

The example given by Podinovski (2022) and reproduced below in Section 2 shows
that the cone extension of the standard VRS technology with two inputs is typically not
closed and is different from its closed CRS extension. The same example also applies to
the cone extension of FDH, which turns out to be not closed. Another example can be
found in Podinovski (2017). It shows that the cone extension of the VRS technology even
with a single input and output, which is further modified by a production trade-off, may

in some cases be not closed and therefore be different from its closed CRS analogue.

1.4 Motivation and contribution

From the optimization perspective, the assessment of scale characteristics in a not closed
cone extension of the technology (which is formally correct) is unattractive. First, we
usually do not know an operational statement of a not closed cone extension of the tech-
nology. Second, if the feasible set of an optimization program is not closed, its optimal
value may not be attained. On the other hand, operational statements of closed cone ex-
tensions and their lower and upper cone variants are usually easy to obtain. For example,
Podinovski and Bouzdine-Chameeva (2019) obtain explicit operational statements of the
closed full, lower and upper cone extensions for the whole class of polyhedral technologies.

A question therefore arises as to whether we can substitute calculations in the full,
lower and upper cone extensions of a technology (as required by conceptual definitions)
by similar calculations in the corresponding closed cone extensions (which are easy to
obtain and operationalize).

A related question arises about the basic relationships between an arbitrary technology
and its cone and closed cone extensions. An example of such useful relationship is given by
Briec, Kerstens, Leleu and Vanden Eeckaut (2000). They present an interesting theorem
stating that the VRS technology coincides with the intersection of its lower and upper
cone extensions. Unfortunately, this result remains a conjecture because its given proof

is incomplete and only shows that the VRS technology is a subset of such intersection.
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Furthermore, it remains unclear if this result is true if we substitute the intersection of the
lower and upper cone extensions by their closures, i.e., by the standard closed NDRS and
NIRS extensions of the technology, which are actually used in practical computations.

In this paper, we explore the above questions. First, we consider a very large class
of technologies that are either polyhedral (which includes almost all convex technologies
known to DEA) or are finite unions of such technologies (which includes FDH and many
other nonconvex technologies—see Section 1.1). We prove that the evaluation of effi-
ciency in the generally not closed cone extensions of such technologies is equivalent to
the evaluation of efficiency in the closures of such cone extensions.

Second, we prove that the conjecture of Briec at al. (2000) is correct not only for
the VRS technology but for an arbitrary closed convex technology. Namely, any such
technology coincides with the intersection of its closed lower and upper cone (NIRS and
NDRS) extensions. This allows us to simplify the approach of Fare et al. (1983) for the
evaluation of RTS in any polyhedral technology. More specifically, where this established
approach requires the assessment of efficiency of a DMU in three technologies (e.g., in
the original VRS technology and its NIRS and CRS extensions), our results allow us to
replace these calculations by performing them only in the NIRS and NDRS extensions,
which has obvious computational advantages.

This paper is structured as follows.  In Section 2, we define the full, lower and up-
per cone extensions of an arbitrary technology and their closed variants, and show the
difference between them by examples. In Section 3, we prove several theorems that es-
tablish relationships between the technology and its cone and closed cone extensions. In
Section 4, we prove that, under certain sufficiently broad assumptions, the evaluation
of efficiency of DMUs in a given technology can be replaced by the calculations of its
efficiency in its lower and upper cone extensions and their closures. In Section 5, we show
how the obtained results theoretically validate the existing approaches to the evaluation
of scale characteristics of production frontiers and, in some cases, lead to computational
simplifications.

All mathematical proofs are given in Appendix A.

2 Cone extensions of a production technology

2.1 Definitions

Consider a production technology 7" C R7* x R with m > 1 inputs and s > 1 outputs.
It consists of DMUs (x,y), where x € R} and y € R? are the vectors of inputs and
outputs, respectively. Conceptually, technology 7 is defined as follows:

T ={(x,y) € R} x R’ | x can produce y} .
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As already noted, almost all convex technologies known to DEA are polyhedral. In
line with Podinovski et al. (2016), the general statement of polyhedral technology T is

as follows:

T ={(x,y) e R xR’ | 3z € RY:

(1)
Az =x,Bz=y,Cz =d}.

In the above statement, z is a variable vector of some dimension ¢, A, B and C are
matrices of dimensions m X ¢, s X ¢ and p X ¢, respectively, and d is a constant vector of
dimension p.

For example, in the case of VRS and CRS technologies, vector z consists of the three
subvectors: the intensity vector (often denoted A) and the vectors of input and output
slacks. Also, in the case of VRS, the condition Cz = d includes the single normalization
equality 1" A = 1. In the case of CRS, this condition is not specified. Various examples
of polyhedral technologies and their statements are discussed in Podinovski et al. (2016)
and Podinovski and Bouzdine-Chameeva (2019).

Remark 1. Podinovski et al. (2016) prove that any polyhedral technology 7T is a poly-
hedral set in R x R%. As known from convex analysis (see, e.g., Rockafellar, 1970), any

such set (technology) 7 is closed and convex.

For an arbitrary (not necessarily polyhedral) technology 7 and any scalar § € Ry,
define the set 07 by proportional scaling of all DMUs in technology T by the factor §:

ST ={(x,y) eR} xR | Ix,y) e T: (x,y) =0(x,y')}.

We can now introduce the following definitions and notation:

Definition 1. The (full) cone, lower cone and upper cone extensions of technology 7 C

R x R are defined, respectively, as

where A = [0, +00), A = [0,1] and A = [1, 4+00).

It is clear that the full, lower and upper cone extensions (2) of technology T are closed
under multiplication by nonnegative scalars in A, A and A, respectively. For example,

for any 6 € A, we have 67 C T. Furthermore, it is easy to prove that, if technology 7 is
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convex, then its extensions 7\', T and T are also convex. (This further implies that the
closures of such extensions considered below are also convex.)

It is known that, even if technology 7 is a closed set, its cone, lower cone and upper
cone extensions may not be closed sets. (We consider examples of this in Section 2.2.)

~

Therefore, in addition to these extensions, we also define their closures cl(7T), ¢l(T) and
cl(T). We refer to these closures as the closed (full) cone, lower cone and upper cone
extensions of technology 7.

Podinovski and Bouzdine-Chameeva (2019) prove that the closed full, lower and upper
cone extensions of any polyhedral technology are themselves polyhedral technologies.
Namely, for a polyhedral technology 7T stated by conditions (1), its closed cone extension

is defined by the introduction of the variable scalar « as follows:

c(T) ={(x,y) e R xR} |z e R}, a e R, :

(3)
Az =x,Bz =y,Cz = ad}.

If, in the statement (1), the condition Cz = d includes a single equality (as in the
case of VRS technology), then the condition Cz = ad does not need to be specified
and can be omitted (e.g., it is not specified in the statement of the CRS technology).
Furthermore, the statements of closed lower and upper cone extensions of the polyhedral
technology (1) are obtained by incorporating the conditions « < 1 and o > 1 in the
statement (3), respectively.

As a special case of this general result, it follows that the closed cone, lower cone
and upper cone extensions of the VRS technology are the conventional CRS, NIRS and
NDRS technologies, respectively.

It is clear that, from the practical perspective, the use of closed extensions 01(7\'),
cl(T) and cl(T) is preferable over the use of (possibly not closed) extensions 7, T and
T, for two reasons. First, an optimization program stated over a closed set will usually
have a well-defined optimum (minimum or maximum) while this is not necessarily so (at
least theoretically) for the sets that are not closed. Second, while, as noted, operational
statements of closed extensions (of any polyhedral technology) are known, the statements

of their not closed extensions 7\', T and T are not easily available.

Remark 2. In different applications, technology 7 is expected to satisfy a certain set of
production axioms that are assumed true for the given production process. We do not
expect the same from its cone or closed cone extensions—see, e.g., the discussion in Ray
(2004). In many cases, such extensions simply arise as mathematical constructs obtained
by a formal transformation (e.g., linearization) of programs used in the assessment of
scale efficiency and RTS in the assumed technology 7. Their purpose is not to represent
a production process but to help us restate a mathematical program in the simplest

possible form useful for analysis or computations. An example is the nonlinear program
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of Banker (1986) stated for the evaluation of MPSS in the VRS technology, which is
subsequently linearized by its restatement as an output-oriented envelopment program

employing the CRS technology, which is not assumed to be the actual technology.

2.2  FExamples

As an illustration, below we discuss some examples known from the literature that clarify
the difference between the cone extensions of production technologies and their closed

variants.

Example 1 (Podinovski, 2022). Consider the VRS (or FDH, which is the same in this
example) technology Ta generated by the single observed DMU A = (1,1, 1), whose first

two components are two inputs x; and x5, and the last component is output y.

Figure 1: Technology 74 and its cone extension in Example 1.

Fig. 1 shows technology T4 as the darker shaded area. Its full cone extension 7\;; is
the lighter shaded cone delineated by the rays OL, OG and OH. Note that the latter
two rays (except the origin O) are not included in this cone extension. For example, the
DMU B = (1,0,0) is not included in ’?A because it cannot be obtained by scaling any
DMU in the VRS technology 74. However, DMU B is a limit point of the sequence of
DMUs B; = (1,1/t,0),t = 1,2,..., all of which are in the cone extension T2 Therefore,
the cone extension 7\'A is not a closed technology.

Furthermore, the plane K AM splits the full cone extension 7\}1 into the lower and

upper cone extensions 7 4, and T 4 of technology T4. Of these, the upper cone extension

*Each DMU B, is obtained by scaling down the DMU B, = (t,1,0) by the factor § = 1/t < 1. Each
DMU By is dominated by the DMU A and is, by the assumption of strong disposability, in technology
Ta.
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T 4 is closed but the lower cone extension 7, is not, because it does not include the limit
points on the rays OG and OH, except the origin.

Note that the rays OG and OH are included in the standard CRS and NIRS extensions
of technology Ti. (For example, DMU B is dominated by the origin (0,0,0) which is
included in both such extensions.) Therefore, the CRS and NIRS technologies include,
respectively, the cone and lower cone extensions ﬁ and 7 4 as their proper subsets. It
is also straightforward to prove that the former two technologies are the closures of the
latter. Finally, we note that the standard NDRS technology coincides with the upper

cone extension T 4.

Based on the above example, it is straightforward to prove that any point (similar to
point B) that belongs to the CRS technology but does not belong to the cone extension
of the VRS technology will have all outputs equal to zero.® It may then be argued that
the difference between the cone and closed cone (CRS) extension of the VRS technology
is of little practical interest, because DMUs with zero outputs are of no interest for
benchmarking observed DMUs.

The next example shows that the difference between the cone and closed cone exten-

sions of a technology may be more substantial.

Example 2 (Podinovski, 2017). Consider the VRS or FDH technology (which are the
same in this case) generated by the single DMU A = (2, 1), where the first component is
input x and the second is output y. Further assume that we have specified the following
trade-off (Podinovski, 2004b): one extra unit of input is sufficient for the increase of
output by two units. For example, applying this trade-off to DMU A, we obtain DMU
B = (3,3). Applying the same trade-off in proportion 1.5, we obtain DMUs C' = (3.5,4),
and so on.

The darker shaded area below the ray AK in Fig. 2 shows the VRS (or FDH) tech-
nology 74 generated by the DMU A and the stated trade-off. Its cone and lower cone
extensions T4 and T 4 are the same and are shown as the area strictly below the ray OL.
For example, DMU F is obtained by scaling down DMU B in proportion 2/3. Therefore,
FreT,and F; € 7?4.

Note that these extensions do not include the boundary ray OL (except the origin,
which is included). For example, point F' is the limit point of a sequence of points
Fy, Fy, ..., generated by scaling down the points (like point B) that move away from
the origin along the ray OK. However, it is clear that point F' cannot be obtained by

re-scaling any DMU in technology 74 and is not included in the cone and lower cone

3Using the standard statement of the CRS technology utilizing the intensity vector A, observe that if
a DMU W has at least one strictly positive output, then A is not a zero vector. Then the DMU W is a
scaled version of the DMU (1/A)W located in the original VRS technology, where A # 0 is the sum of
components of vector A. Therefore, any DMU W in the CRS technology which has at least one positive
output is in the cone extension of the VRS technology.

10
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Figure 2: Technology 74 and its cone extension in Example 2.

extensions of this technology. Therefore the extensions 7?4 and 7T , are not closed.
It is also worth noting that, in this example, technology 74 coincides with its upper
cone extension T 4, which is therefore closed. Furthermore, the upper cone extension

T 4 = T4 is a proper subset of the lower cone extension 7 A= 7\'A.

The above two examples employed polyhedral technologies. As shown, their cone
and lower cone extensions may not be closed sets. Podinovski and Bouzdine-Chameeva
(2019) prove that the upper cone extension of any polyhedral technology is a closed set.
However, in the general setting involving a technology which is not polyhedral, its upper

cone extension may not be closed either.

Example 3. Consider the closed technology 7 = {(z,y) € R% | y < In(z+1)}, where =
is a single input and y is a single output. Fig. 3 shows technology 7 as the darker shaded
area below the curve OK. Note that T is a convex but not a polyhedral technology.

The lower cone extension 7 coincides with 7 and is therefore a closed set. Further-
more, note that the derivative In'(z + 1)|,—0 = 1. It is now straightforward to show that
the upper cone extension of technology 7 is the set T = {(z,y) € R% | y < z}, i.e., the
area strictly below the ray OL.

For example, the point P on the ray OL cannot be obtained by the scaling of any
point in technology 7. However, it is easy to identify a sequence of points P,, t =1,2,.. .,
which converges to P, such that each point P, is obtained by the upscaling of some point
P, € T. All such points P, are in the upper cone extension 7 but their limit point P is
not.

Therefore, in this example, the upper cone extension 7 is not a closed set. The full

cone extension 7T coincides with 7 and is not a closed set either.

11



Journal Pre-proof

Y - L
e
5 ______ T-—7"77 I B | T-———7 '(___
| i i i 4
| 1 | | / |
| i | A
P/ S b e [ /A S
i i i 7 i
| | Ny | |
/7
I I P! I I
i FER B A B
I I 7 | QPZI I
Ny .
21F----—- i fffff A . F,:*’*SOI")]L**’“:*”
I s~
s VB L
| L _4 I I
R
1+----- Ay T ——— ————— f———— -4
R
e
p, | | |
2| | ] ] ]
@) 1 2 3 4 5

Figure 3: Technology 7 and its upper cone extension in Example 3.

3 Relations between cone extensions

In this section, we explore relations between technology 7 and its cone, lower and up-
per cone extensions, and also the closures of such extensions. (The former are more of
theoretical significance and the latter are of immediate practical importance.) This fur-
ther leads to a complete proof of two variants of the conjecture of Briec et al. (2000),

generalized to an arbitrary closed convex (not only standard VRS) technology 7.

3.1 Relations involving cone extensions

We start by a simple theorem which applies to any technology 7T .

Theorem 3.1. For any technology T C RT' x R%, the following statements are true:

[
N
=

T=TU
T N

IN
~

Equality (4a) shows that the cone extension of technology 7 is the union of its lower
cone and upper cone extensions. Additionally, the embedding (4b) demonstrates that
technology 7T is included in the intersection of its lower cone and upper cone extensions.

The next result proves the conjecture originally stated by Briec et al. (2000) for the
VRS technology and extends its validity for an arbitrary convex technology.

Theorem 3.2. Let T C R} x RS be any convex technology. Then the following equality
1S true:

T=TnT. (5)

12
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Note that Theorem 3.2 is valid regardless of whether technology 7 and its lower and
upper cone extensions are closed or not closed sets.

The following example illustrates the statements of Theorems 3.1 and 3.2. In this
example, the full, lower and upper cone extensions of the FDH and VRS technologies

coincide with their closures.

Example 4. Let A = (1,1) and B = (2,4) be two observed DMUs, where the first

component is input x and the second is output .

Y ZY 74
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(a) The FDH technology. (b) The VRS technology

Figure 4: The FDH and VRS technologies and their cone extensions in Example 4.

Fig. 4a shows the FDH technology 7rpu generated by the DMUs A and B as the
shaded area KALBM@. lts lower cone extension is the area below the punctured line
OBM and its upper cone extension is the area below and to the right of the solid line
KAPBYV. (Both are closed sets in this example.) The intersection of these two extensions
is the area below and to the right of the line K APBM which includes technology Trpu
as a proper subset. (Note that it also includes the additional triangle ALP.) This shows
that, for a nonconvex technology such as FDH, the embedding (4b) may be proper, i.e.,
the equality (5) may not hold.

Fig. 4b shows the VRS technology Tyrs generated by the DMUs A and B as the shaded
area KABMG(). Its lower and upper cone extensions are the areas below the punctured
line OBM and the solid line K ABV, respectively. (Both are closed sets.) Because
technology Tvrs is convex, in line with the statement of Theorem 3.2, it coincides with
the intersection of it lower and upper cone extensions.

Finally, the full cone extensions of the FDH and VRS technologies are the cones VOQ.
In line with the statement (4a), these coincide with the unions of the corresponding lower

and upper cone extensions of these two technologies.

13
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3.2 Relations involving closures of cone extensions

~

We now turn to the closures of the full cone, lower and upper cone extensions cl(7T),
cl(T) and cl(T) of technology 7. We are interested in finding out if the relations (4a),
(4b) and (5) can be restated in terms of such closed cone extensions.

Starting with equality (4a), it turns out that the closure of the full cone extension of

any technology 7T is equal to the union of the closures of its lower and upper extensions.

Theorem 3.3. For any technology T C RT' x R%, the following equality is true:
A(T) = cl(T) Ucl(T).

Now consider the embedding (4b). Because 7 C cl(T) and T C cl(T), the embed-
ding (4b) implies that, for an arbitrary technology 7T, we always have

T Ccl(T)Nel(T). (6)

The next result shows that the embedding (6) is satisfied as equality if technology
T is a closed and convex set. This could be regarded as a variant of the conjecture of
Briec et al. (2000) stated in terms of the closed lower and upper cone (NIRS and NDRS)

extensions of technology 7.

Theorem 3.4. Let T C R x RS be any closed convex technology. Then the following
equality s true:

T =cl(T)Nel(T).
As a simple example; let T be the standard VRS technology, which is closed and

convex. Theorem 3.4 confirms the conjecture of Briec et al. (2000) that 7 coincides with
the intersection of its NIRS and NDRS extensions. A much less obvious implication is
that any polyhedral technology (which is therefore closed and convex—see Remark 1),
also coincides with the intersection of its closed lower and upper cone extensions.
According to Theorems 3.2 and 3.4, any closed convex technology coincides with the
intersection of its lower and upper cone extensions, and also with the intersection of
their closures. From the practical perspective, the statement of Theorem 3.4 is more
useful because operational statements of the closed lower and upper extensions of all
polyhedral technologies are easy to obtain (see Podinovski and Bouzdine-Chameeva, 2019)
and optimization models for the assessment of efficiency based on them have attainable

optimal values.

4 Efficiency measures

In this section, we consider relationships between the efficiency measures evaluated in

different technologies and their cone extensions. These results provide theoretical valida-
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tion of the existing approaches for the assessment of scale characteristics of DMUs. In the
next Section 5, we also show that these results can be used to reduce the computational
complexity of some of these approaches.

To be specific, we consider the assessment of input radial efficiency of the DMU
(X0, ¥o) in technology 7. Similar results are true for the output radial efficiency and,
more generally, for all efficiency measures based on the directional distance function of
Chambers, Chung and Fare (1998). We assume that x, # 0 and y, # 0.

The input radial efficiency of DMU (x,,y,) in technology 7T is equal to the infimum

value of the following optimization program.

€, = Inf 0
subject to
(0%0,¥0) €T,

0 sign free.

If technology 7 is closed, then the infimum in program (7) is attained and we can use
the operator “min” instead of “inf”. However; in the general case (e.g., if T is a cone
extension of another technology, which is also considered below) technology 7 may not
be closed and the infimum in program (7) miay not be attained. For example, if 7T is the
cone extension of technology T4 in Fig. 2, then the infimum of program (7) stated for
DMU A is equal to 1/4 but is not attained.)

Similarly, let us substitute technology T in program (7) by its full, lower and upper
cone extensions 7\’, T and 7. We denote €,, €, and €, the corresponding infimum values
of the resulting programs.

€5, € and € be the input radial efficiencies of DMU (x,,y,) assessed

07 =0

Furthermore, let
in the closures of these cone extensions cl(7), cl(T) and cI(T), respectively. (Note that we
may now use the operator “min” because the feasible region of the resulting minimization
programs is closed and the objective function is bounded below. Therefore, the optimal

value is attained.)

4.1 Efficiency in finite unions of polyhedral technologies

As noted, the majority of convex and nonconvex technologies developed for practical
applications of DEA are either polyhedral technologies or are finite unions of them. In this
section, we prove that the assessment of efficiency of DMUs in their cone extensions (which
is often required for the evaluation of various scale characteristics—see Section 5) can be
replaced by the assessment of efficiency in the corresponding closed cone extensions. This
provides a theoretical validation of the known, but essentially heuristic, approaches to
the evaluation of scale characteristics that substitute cone extensions by their closures.

Suppose that technology T is either a polyhedral technology or is a finite union of

15



Journal Pre-proof

polyhedral technologies. Then 7T can be stated as follows:

T=UT, 8)

where each technology 7y is polyhedral, i.e., can be stated as in (1), for all k =1,..., K.
Obviously, if K = 1, technology 7T is a polyhedral technology.

Examples of nonconvex technologies that can be stated as in (8) include FDH of
Deprins et al. (1984), its extension by production trade-offs developed by Mehdiloo et al.
(2026) and the VRS and CRS variants of technologies that allow the use of ratio inputs
and outputs whose structure was explored by Olesen, Petersen and Podinovski (2022b).

The following theorem generalizes the result proved by Podinovski and Bouzdine-
Chameeva (2019) for polyhedral technologies to the whole class of technologies stated
by (8). It also generalizes a similar result obtained by Olesen, Petersen and Podinovski
(2022a) for the VRS technology with ratio inputs and outputs, whose structure is a special

case of the finite union (8).

Theorem 4.1. Let T C R x RS be any polyhedral technology or a finite union of
polyhedral technologies stated as in (8). Then

~

=50 =6, E&=E¢,. (9)
Let us give an example of a convex (but not closed and therefore not representable as
a finite union of polyhedral sets) technology 7 for which none of the equalities (9) is true.
This example illustrates a potential difference between the efficiency of a DMU measured
in the full, lower and 1uipper cone extensions of a technology and in their closures.
Although the technology in Example 5 is not realistic enough for empirical applica-
tions, it nevertheless shows that the statement of Theorem 4.1 cannot be extended to
arbitrary technologies, and therefore some conditions on the technology are needed—see

Remark 3 for further discussion.

Example 5. Consider the convex but not closed technology 7 defined as the “triangle”
with the corner points A = (1,1,1), B = (1,2,1) and C = (2,2,1), where the first two
components are inputs and the last is output. Assume that the side AC' is excluded,
except for point C' which is in the technology.* This technology is illustrated as the
darker (not closed) triangle ABC' in Fig. 5.

The input radial efficiency of DMU C' in technology 7T is equal to 1, because any

simultaneous proportional contraction of the two inputs of DMU C' leads outside the

4To keep this example simple, we do not assume any type of disposability of the inputs or the output.
This is not, however, essential, and we can modify this example by assuming strong disposability of the
output and joint (but not strong) disposability of the two inputs.
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Figure 5: An illustration to Example 5

technology. However, in the closure cl(7), which is the full triangle ABC, the input
radial efficiency of DMU C'is equal to 0.5, and DMU A becomes its input projection.

The full cone extension of technology 7T is the cone spanned by the rays OK, OL and
OM. However, the ray OK and the relative interior of the face KOM are not included
in this cone. Similarly, the lower cone extension of 7 is the part OABC of the full
cone located at and below the “triangle” ABC. This excludes the side OAC, except
the segment OC, which is included. The upper cone extension ABC' K LM of technology
T is the unbounded part of the full cone located at and above the “triangle” ABC. It
excludes the face KAC M, except the ray C'M, which is included.

The closures of the full, lower and upper cone extensions are the conventional closed
cone OK LM, its lower part OABC and upper part ABCK LM, respectively.

As in technology 7, the input radial efficiency of DMU C' in the not closed full, lower
and upper cone extensions is equal to 1, i.e., we have €, = ¢, = €, = 1. However, in the
corresponding closed extensions it is equal to 0.5, with DMU A being the input projection

of C, i.e., we have € = ¢} = €, = 0.5. Therefore, none of the equalities (9) is true.

Remark 3. Theorem 4.1 states that the evaluation of efficiency of DMUs in the (generally
not closed) full, lower and upper cone extensions of polyhedral technologies and their
finite unions can be substituted by the evaluations in their closures. As noted, the
latter is computationally attractive and requires solving linear programs based on the
statement (3) proved by Podinovski and Bouzdine-Chameeva (2019). On the other hand,
Example 5 shows that the equalities (9) may not be true if technology 7 is not closed.
The following question remains open: are equalities (9) true for the class of arbitrary
closed technologies, which is larger than the class of technologies representable as a finite

union of polyhedral technologies, or at least for the class of closed convex technologies,
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which is larger than the class of polyhedral technologies? The authors do not have an

answer to this questions, which would require further research.

4.2 Efficiency measures in cone extensions

In this section, we prove that, under some conditions, the infimum values €, and €, can

be obtained from the infimum values ¢, and €,.

Theorem 4.2. For any technology T C R x R%, the following statements are true:

€, = min{e,, €}, (10a)
€o > max{€,, €} (10b)

The following result establishes an exact relationship for conver technologies. It
follows from Theorem 3.2, which proves the conjecture of Briec et al. (2000) originally
stated only for the standard VRS technology.

Theorem 4.3. Let T C R} x R be any convex technology. Then the inequality (10b)
15 satisfied as equality:

€, = max{e,, € |- (11)

As noted, for an arbitrary (including any polyhedral) technology 7, the exact op-
erational form of its cone extensions is generally unknown. Furthermore, because such
extensions are generally not closed, the infimum values of the appropriately specified
programs (7) for such extensions may not be attained. Because of this, the relationships
established by Theorems 4.2 and 4.3 are primarily of theoretical interest. However, they
are important for proving our results in the next section, which have direct practical

implications.

4.3 Efficiency measures in closed cone extensions

In this section, we establish relationships between the efficiency of a DMU evaluated in
technology 7 and its cone extension and the efficiencies evaluated in the closed lower and
upper cone extensions of technology 7. These results allow us to suggest simplifications
to the approaches for the evaluation of RTS discussed afterwards in Section 5.

We first consider equality (11) in the statement of Theorem 4.3 and additionally

assume that technology T is closed.

Theorem 4.4. Let T C R x R be any closed convex technology. Then

€, = max{e;, € }. (12)
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As an example, if technology 7 is the standard VRS technology, then its closed lower
and upper cone extensions are the standard NIRS and NDRS technologies. In this case,
equality (12) means that the input radial efficiency of a DMU in the VRS technology is
equal to the maximum of its input radial efficiencies evaluated in the NIRS and NRDS
technologies. Theorem 4.4 establishes the same equality for any closed convex technology,
including any polyhedral technology.

As an illustration, let us refer to the VRS technology shown in Fig. 4b of Example 4.
The input radial efficiency of DMU A in this technology is equal to 1. According to
equality (12), this is equal to the maximum of its efficiency of 0.5 evaluated in the NIRS
extension (represented by the punctured line OBM) and its efficiency of 1 evaluated in
the NDRS extension (represented by the solid line K ABV).

Let us now consider equality (10a). We need to investigate if, similar to Theorem 4.4,
we can replace the infimum values ¢, and €, in equality (10a) by the minimum values €}

and €, respectively. We first obtain the following intermediate result.

Theorem 4.5. For any technology T C R x R?, we have
& = minfe,, 7}, (13)

According to Theorem 4.5, replacing ¢, and €, in equality (10a) by ¢! and €} defines
the input radial efficiency € of DMU (x,,¥,) in the closed cone extension of technology
T. A problem with this is that, for the methods of testing scale efficiency and RTS
(considered below), we need the input radial efficiency €, of DMU (x,,y,) in the cone
extension of technology 7, and not in its closure.

Suppose that technology 7T is representable as the union of polyhedral technologies (8).
By Theorem 4.1, we can replace € in (13) by €. We now have the following useful

statement.

Theorem 4.6. Let technology T C R x RY. be either polyhedral or be a finite union of
polyhedral technologies (8). Then

€, = min{e’, € }. (14)

Remark 4. Equality (14) is generally not true if technology 7 is not closed. This can
be illustrated by the not closed technology (“triangle” ABC') T in Example 5. In this
example, the input radial efficiency of DMU C' is equal to 1 in 7 and to 0.5 in both
of its closed lower and upper cone extensions. A question arises, whether equality (14)
remains valid for any closed convex technology (and not only for finite unions of polyhedral
technologies as assumed by Theorem 4.6). It appears that answering this question is
linked to the question raised in Remark 3 regarding conditions on the technology for

which €, = €. As noted, this question remains open for future research.
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5 Evaluation of scale characteristics

The relationships between efficiency measures established in Section 4 have two broad
implications. First, in the assessment of different scale characteristics in a large class
of technologies, they provide a theoretical validation of the use of the closed full, lower
and upper cone extensions (conventionally referred to as the CRS, NIRS and NDRS
extensions) instead of the corresponding and theoretically correct not closed extensions.
Second, for polyhedral technologies, the new results allow us to restate some approaches
to the measurement of scale characteristics, in some cases leading to the reduction of the
number of programs to be solved.

Below, we discuss these implications for the assessment of scale efficiency and returns

to scale.

5.1 Scale efficiency

Consider any DMU (x,,¥,) in the standard VRS technology 7Tyrs of Banker et al. (1984).
Denote )85 €, and €575 the input radial efficiency of DMU (x,,y,) in technology Tyvrs

and in its (generally not closed) full cone and closed full cone (CRS) extensions, respec-

tively. By Theorem 4.1, we have €, = ¢S85,

In line with Banker et al. (1984), the scale efficiency o, of DMU (x,,y,) € Tyrs is
CRS VRS.

defined as the ratio of its input radial efficiencies ;"> =€, and €, *:

6, s

~— VRS _ _VRS"
6O 6O

Oo

(15)

Let Tnirs and Typrs be the NIRS and NDRS (e.g., closed lower and upper cone)

NIRS

NIRS and eYPRS be the input radial efficiencies of the

extensions of technology Tvrs. Let €
DMU (x,,¥,) evaluated in these technologies.

The VRS technology Tyrs is a polyhedral and, therefore, closed and convex tech-
nology. Using Theorems 4.4 and 4.6, we can restate formula (15) for scale efficiency as

follows:

. [ NIRS _NDRS
min{e, ", €,

max{eNRS (NDRS}”

(16)

Op =

Let us generalize formulae (15) and (16) to a broader class of technologies 7. Using
notation introduced in the previous section, let €, and €, be the input radial efficiency of
DMU (x,,¥,) evaluated in technology 7 and its cone extension. Let €}, € and € be the

input radial efficiency of DMU (x,,y,) evaluated in the closures of the full, lower and

upper cone extensions of technology 7.

Theorem 5.1. The following two statements are true:

(a) Let technology T C RT x R?. be either polyhedral or a finite union of polyhedral
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technologies, i.e., let T be representable as in (8). Then

e @
Op=— = —.
€o €o

(b) Let T C R xR be any polyhedral technology (but not a finite union of polyhedral
technologies as assumed in part (a)). Then we have an alternative formula for the

scale efficiency o,:
_ mln{eo, €}
° max{go,eo}

Two implications of Theorem 5.1 are worth highlighting. Its statement (a) shows that
the scale efficiency of DMU (x,,y,) in any technology 7, which is either polyhedral or
is representable as a finite union of polyhedral technologies, can be calculated using its
efficiency € in the closed full cone (i.e., CRS) extension of 77, which validates existing
practical approachers. Its statement (b) establishes an interesting theoretical fact that, in
a polyhedral technology, the scale efficiency can alternatively be evaluated by calculations
of efficiency in the NIRS and NDRS extensions of technology 7, instead of calculations
in 7 and its CRS extension.

If technology 7 is not representable asa union (8), then both statements of Theo-
rem 5.1 are generally incorrect—see Reniarks 3 and 4. We illustrate this by the following

example.

Example 6. Consider DMU €' in the “triangle” technology 7 depicted in Fig. 5 of
Example 5. This DMU is at MPSS because, by definition of Banker (1984), there exist
no scalars «, > 0 such that (ax,, fy,) € T and f/a > 1.

The scale efficiency o¢ of DMU C' is correctly evaluated using its efficiency ec in the

not closed cone extension of 7T :

Suppose that we use the closed cone extension of technology 7T instead of the not
closed extension. As shown in Example 5, the corresponding input radial efficiency of
DMU C'is € = 0.5, and the ratio € /e, = 0.5 is not equal to the scale efficiency of DMU
C.

5.2  Returns to scale

Local returns to scale is a qualitative characteristic of production frontiers. For smooth
production frontiers, a DMU (x,,y,) exhibits constant, increasing or decreasing RTS if,
for the scale elasticity S, evaluated at the DMU (x,,y,), we have S, = 1, S, > 1 and
S, < 1, respectively—see, e.g., Balk, Fare and Karagiannis (2015). If the production
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frontier is not smooth (e.g., piecewise linear, as in the case of polyhedral technologies),
the types of RT'S can similarly be restated in terms of one-sided scale elasticities (Banker
and Thrall, 1992; Hadjicostas and Soteriou, 2006; Krivonozhko, Fgrsund, and Lychev,
2014; Podinovski, 2017; Sahoo and Tone, 2015; Zelenyuk, 2013). Furthermore, in the
case of VRS technology only, Banker (1984) shows that the type of RTS can also be
determined by exploring the range of the optimal sum of components of the intensity
vector A in the CRS model.

Fare et al. (1983) develop an alternative method of evaluating RT'S which does not
require the calculation of (one-sided) scale elasticities. Instead, their method is based
on the evaluation and comparison of the input radial efficiency of the DMU (x,,y,) in
technology 7 and its cone and lower cone extensions. In practice, such cone extensions
(which are theoretically not always closed) are substituted by their closed NIRS and CRS
analogues. Seiford and Zhu (1999) observe that, in this approach, the NIRS technology
can be substituted by the NDRS extension. Theorem 4.1 proved in our paper provides
a theoretical validation of this, essentially heuristic, approach, for any technology that is
either polyhedral or is representable as a finite union of polyhedral technologies.

It should not be assumed that our paper validates the use of closed cone extensions
for any other technologies, and it remains an open question whether such validation can
be extended to include some other classes of technologies—see Remarks 3 and 4. Let us
show that, similar to the assessment of scale efficiency discussed above, the heuristic use
of closed cone extensions in the method of Fare et al. (1983) for arbitrary technologies

may lead to errors.

Example 7. Consider DMU C' in the “triangle” technology 7 in Example 5. Because
the input radial efficiency of DMU C' in the not closed cone extension of 7 is equal to
€c = 1, the method of Fére et al. (1983) correctly classifies DMU C' as exhibiting CRS.

Suppose we use the closed cone extensions. As shown in Example 5, in the closed full
and lower cone (CRS and NIRS) extensions of technology 7, we have €., = ¢ = 0.5.
This means that DMU C' is classed by the method of Fére et al. (1983) as exhibiting

IRS, which is incorrect.

Podinovski (2017) proves that, for any convex technology, the two approaches to
the evaluation of RTS (one based on the scale elasticity and the other on the method
of Fare et al. (1983) involving cone extensions of the technology) lead to the same
characterization of RTS.% From the computational point of view, both approaches are
also broadly equivalent. In the case of polyhedral technologies, both require solving three
linear programs, for each DMU (x,,y,) under the evaluation. This includes one program

for the evaluation of its input radial efficiency in technology 7 and two programs for the

SIf the technology is not convex, the RTS characterization obtained by the method of Fire et al.
(1983) is indicative of the direction to MPSS, and not of the value of scale elasticity. This leads to the
development of global RTS (Podinovski, 2004a).
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evaluation of either one-sided scale elasticities (Podinovski et al., 2016) or its efficiency
in the CRS and NIRS extensions of the technology.

In the case of VRS technology, the method of Banker (1984) also requires solving
three similar models, namely the VRS and CRS models, and a variant of the latter.
Zarepisheh, Soleimani-damaneh and Pourkarimi (2006) develop a modification of the
method of Banker (1984) for the evaluation of RTS that requires solving only the VRS
and CRS models, i.e., only two programs for each DMU in total.

Let us show that the results obtained in our paper can be used to reduce the number
of linear programs required by the method of Fare et al. (1983) to two programs. This
not only establishes parity between the computationally efficient variants of the methods
of Banker (1984) and Fére et al. (1983) but also gives some advantage to the latter,
because the method of Zarepisheh et al. (2006) applies only to the RTS classification of
the VRS technology, while the proposed variant of the method of Fére et al. (1983) can
be applied to any polyhedral technology.

Assume that 7 is a polyhedral and, therefore, closed and convex technology. (As
noted, almost all convex technologies known to DEA are polyhedral.) In this case, using
Theorems 4.4 and 4.6, we can restate the approach of Fare et al. (1983) in a way that
requires solving only two linear programs. This provides a rigorous foundation of a similar
result stated, but not fully proved, by Briec et al. (2000).

To illustrate the idea of this approach, let Tyrs be a conventional VRS technology
and let DMU (x,,y,) € Tvrs. As above, denote e} and eYPRS its input radial efficien-
cies evaluated in the NIRS and NDRS (e.g., closed lower and upper cone) extensions of
technology Tygs.

Because the RTS characterization is defined on production frontiers (which can be
extended to projections of inefficient DMUs on production frontiers), we first check that
the DMU (x,,y,) is input radial efficient in technology Tyrs. According to Theorem 4.4,
NIRS _NDRS

€ } = 1. Assuming this con-

this requires the verification of the equality max{e, ", €,

dition is satisfied, we now have the following restatement of the approach of Fare et al.

(1983): the DMU (x,,y,) exhibits CRS if e} ®5 = YPRS [RS if MBS < NPRS and DRS
if NIRS 5 (NDRS

Let us now generalize this characterization to any polyhedral technology 7. Let, as
above, €' and € be the input radial efficiency of DMU (x,,y,) evaluated in the closures

of the lower and upper cone extensions of technology 7.

Theorem 5.2. Let T C R x R% be any polyhedral technology. Suppose that DMU
(X0,¥o) 1S input radial efficient in T, i.e., let max{el, €} = 1. Then DMU (X,,¥,)

=0’ -0

exhibits
(a) CRS if and only if € =€ = 1.
(b) IRS if and only if €5 <€ = 1.
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(¢) DRS if and only if € < ¢ = 1.

Remark 5. Because any polyhedral technology 7 is convex, the local RTS characteriza-
tion of its efficient DMUs coincides with their global RTS characterization (Podinovski,
2017). Therefore, the three statements of Theorem 5.2 remain true if we replace the
types of CRS, IRS and DRS by their global analogues introduced by Podinovski (2004a).
For example, an input radial efficient DMU (x,,y,) exhibits global IRS (G-IRS) and,
therefore, needs to increase its scale of operations to achieve its MPSS, if and only if
e, < 1.

Remark 6. Theorem 5.2 does not apply to the FDH technology of Deprins et al. (1984),
which is not polyhedral. As established by Cesaroni, Kerstens and Van de Woestyne
(2017), who refined an earlier idea of Soleimani-damaneh, Jahanshahloo and Reshadi
(2006), the types of global RTS in the FDH technology can be assessed by calculating
certain ratios between inputs and outputs of the DMUs. This is computationally more
efficient than the evaluation of efficiency of DMUs in cone extensions of the technology,

as required by different variants of the method of Fére et al. (1983).

6 Conclusion

In this paper, we highlight the difference between the full, lower and upper cone extensions
of different production technologies and their closed variants, which are usually referred
to in the literature as the CRS; NIRS and NDRS production technologies.

Conceptual definitions of various scale characteristics of production frontiers (MPSS,
scale efficiency, returns to scale and global RTS) require the evaluation of efficiency
of DMUs in the former type of extensions, which are generally not closed sets. The
exact operational statemnients of such not closed extensions are usually unknown and
optimization prograiis based on them theoretically do not have well-defined minimal
and maximal values. In practice, this fact is often overlooked and the computations
are instead performed in the closures of such extensions (i.e., in the CRS, NIRS and
NDRS technologies), whose operational statements are usually unproblematic. However,
without a theoretical proof of equivalence, such substitution of technologies is essentially
a heuristic approach.

In this paper, we provide a theoretical justification for the use of closed full, lower and
upper cone extensions of technologies instead of their not closed variants. This is based
on a series of new mathematical results that establish relationships between technologies
satisfying different production assumptions and their cone extensions.

Two main contributions of our paper should be highlighted.

First, let technology T be either a polyhedral technology or a finite union of polyhedral

technologies, which includes almost all convex and many nonconvex technologies known to
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DEA. The full and lower cone extensions of such technologies are generally not closed sets.
(Their upper cone extensions are always closed.) We prove that, instead of evaluating
the efficiency of DMUs in such extensions, we can equivalently perform computations in
the closures of such extensions whose operational statements are easily available. Such
approach is widely used in DEA but has so far remained heuristic in nature. Our results
provide its theoretical validation.

Second, we prove the conjecture of Briec et al. (2000) that the standard VRS technol-
ogy coincides with the intersection of its closed lower and upper cone (NIRS and NDRS)
extensions. Moreover, we prove this result for a much broader class of arbitrary closed
convex technologies, which includes all polyhedral technologies. This allows us to restate
known approaches to the evaluation of scale efficiency and local and global RTS in an
alternative way, which does not require calculations in the original technology and its
NIRS and CRS extensions. Instead, we can equivalently evaluate the efficiency of DMUs
in the NIRS and NDRS extensions only. In the case of evaluating RTS by the method of
Fére et al. (1983) and global RTS by the approach of Podinovski (2004a), this reduces
the number of linear programs that we need to solve for each DMU from three to two,

which has clear computational advantages.
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Appendix A: Proofs

Proof of Theorem 3.1. From (2), we have A = A U A which implies 7 = T U T.
Because 6 =1 € ANA, wehave T C T NT. O

Proof of Theorem 3.2. Taking into account (4b), it suffices to prove only the opposite
embedding 7NT C T. Consider any DMU (x,y) € TNT. By (2), there exists a § € A
and a DMU (z, X) € T such that (x,y) = ¢ (g, X)' Furthermore, there exists a 6 € A
and a DMU (X,¥) € T such that (x,y) =0 (X,¥).

If either § = 1 or 6 = 1, then (x,y) € 7. Otherwise, we have 0 < § < 1 < §. Define
6 =(1-6)/(6 —9). It is straightforward to verify that 0 < # < 1. Then (x,y) is the
following convex combination of DMUs (5, X) ,(X,y) eT:

xy)=01-0)(xy)+0(XxY)-

Because T is a convex technology, we have (x,y) € 7. Therefore, TNT C T. O

Proof of Theorem 3.3. From (4a), we have T C ¢l(T) U cl(T). As a finite union of
closed sets, the union cl(7)) Ucl(T) is a closed set. Consequently, it includes the closure
of the cone extension 7. Therefore, cl(T) C cl(T) U cl(T). Conversely, (4b) implies
that 7 € 7 and 7 C 7. Then c(T) € ¢l(T) and cl(T) C cl(T). It follows that

J— A~ ~ J—

c(T)Ucl(T) C cl(T). Therefore, cl(7) =cl(T) U cl(T). O

Proof of Theorem 3.4. Taking into account (6), it suffices to prove the opposite em-

bedding. Let (x,y) € cl(T) M cl(T). By definition, there exist sequences {(x;,y,)}7Z; C
T and {(Xx, V)52, € T such that

lm (xp,y,) = (xy),  lim (X ¥i) = (%) (17)

k—o00

By definition of 7 and T, for each k = 1,2,..., there exist a scalar §, € A and an
element (x,y;) € T such that (x;,y,) = J; (X}, ¥},), and a scalar 0, € A and an element
(x{,y7) € T such that (X, V) = 6, (x/,y}). Define

(Wi, z) = (X, y,) + (1 — o) (Xe, ¥i), (18)
where 3
- (6 —1)/(6x — &), otherwise.

If §, = 6 = 1, we have (wWy,z,) = (Xp, V) = (X}, y7) € T. Otherwise, we have
J, < O and, therefore, 0 < oy, < 1. It can be verified that ad, > 0, (1 — a;)d; > 0

and apd, + (1 — az)0r = 1. Then (18) implies that (wy,z;) is a convex combination

26



Journal Pre-proof

of DMUs (x},,y}) and (x},y}), both in 7. Because technology 7T is convex, we have

{(wk,z1)};25 C T. Taking into account (17), we also have

lim (wpz2) = lim [ag(0y,) + (1 — 0)(®050)] = ().
k—o00 k—o0

Because technology 7T is closed, we have (x,y) € T. It follows that cl(7)Ncl(T) C T.
Taking into account (6), we have 7 = cl(T) Nel(T). O

Proof of Theorem 4.1. If technology 7 is polyhedral, i.e., in (8) we have K = 1,
the equality (9) follows from a more general Proposition 2 proved by Podinovski and
Bouzdine-Chameeva (2019) stated in terms of directional distance function defined by
the vector (g,,g,). For K = 1, the equality (9) is obtained as a special case in which
g, = 0.

Let K > 2. To be specific, consider the evaluation of €,. Denote € and €* the infimum
(or optimal) values of program (7) in which 7 is substituted by the cone extension 7Ty
and closed cone extension cl(ﬁ) of technology T, respectively. Taking into account the

above case K = 1, we have
€, = min ¢ = min & =¢. (19)

The last equality in (19) follows from the fact that the closure of a finite union of arbitrary
sets is equal to the union of their closures.

The cases of €, and €, are similar and their proof is not given. ]

Proof of Theorem 4.2. The equality (10a) follows from equality (4a). Furthermore,
by (4b), we have 7 C T and T C T, which imply ¢, > ¢, and ¢, > &,, respectively, and
the inequality (10b) follows. O

Proof of Theorem 4.3. Taking into account inequality (10b), we need to prove only
that €, > max{e,, €,}. Indeed, by Theorem 3.2, any 6 feasible in program (7) is feasible
in the same program in which we substitute technology 7 by 7 or 7. This implies that

€, > €, and €, > €,. Therefore, €, > max{e,,€,}, which completes the proof. O

Proof of Theorem 4.4. Denote m* = max{e’,€:}. Because T C T C cl(T), we have

=0’ ~o

€, > €. Similarly, because 7 C T C cl(T), we have ¢, > €. Therefore, ¢, > m*.

Conversely, because T is convex, its lower and upper cone extensions 7 and 7, and

their closures cl(7) and cl(7T) are also convex (see Section 2). Note that €& < m* < 1.

Because (€x,,y,) € cl(T) and (X,,¥,) € cl(T), the convexity of cl(7T) implies that

(M*X,,¥o0) € cl(T). Similarly, (m*x,,y,) € cl(T). Taking into account Theorem 3.4, we

have (m*x,,y,) € cl(T)Ncl(T) = T. Therefore, €, < m*, and ¢, = max{e}, €:}. O
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Proof of Theorem 4.5. By Theorem 3.3, we have cl(7) = cl(7) U cl(T). This implies

€ = min{e’, € }. O
Proof of Theorem 4.6. This result follows from equalities (9) and (13). O
Proof of Theorem 5.1. The proof follows from Theorems 4.1, 4.4 and 4.6. U

Proof of Theorem 5.2. The proof follows from the standard RTS characterization of
the method of Fére et al. (1983) and Theorem 4.6. O
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